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The.' diffraction of high frequency torsion waves by disc- 
shaped 'obstacles,-' situated : in solidswhich are homogeneous, 
IsofcroplG and of infinite extent, are considered in this thesis* 
In a high frequency limit these problems .are formulated, as 
Fredholra integral equations of the second kind* The thesis is 
divide^ into two\chapters;--' ,
Chapter X; diffraction of high frequency torsion waves by a
penny-shaped; crack* Explicit asymptotic , expressions 
are obtained for the dynamic .stress intensity factors 
and the scattering coefficients. These,results predict 
an oscillatory behaviour of the stress, intensity 
factors ai:liigh frequencies. .
Chapter IX;diffraction of high".frequency torsion .waves by a -rigid- 
disc. Explicit asymptotic -.expressions are;, obtained 
for the torque resisting the motion of the disc, and 
for the scattering coefficients*.
In both chapters extensive, numerical results aro given. -
The .author wishes to express his thanks to
Dr* - R# Shall vfor his encouragement and:,iavalciable;.
criticism .during the preparation of this thesis* '
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’KAOIXOH OF .HIGH. rV... U HOY TOHSIOH WAVES 3Y
FEKWY SHAPED CIttCK
Derivation of the- dual Integral e cm at Iona .
1*1 Intro&uefcionfco ghafoter i
^ niKiwim■         mi iim'inr1 m " iiim M fli iif minniTi n  n >ihwuiIB i i i i  ■
■’■.•The problem of the diffraction of timo-harmonic torsion 
waves "by a penny-shaped crack was' first invest t gated., by. Sih 
and Loeber [l] • They adopted an approach which employed the 
theory of Hankel .transforms to obtain a pair of ..dual' integral 
■ .equations which were eventually oast into a Fredhoim Integral equa 
on of the second kind and solved numerically* -The near field 
solutions were discussed and in particular the dynamic stress 
intensity factors were calculated for a-range of wavenumbers* •
It was stated that. for. hl^fre^UenoiefcJ for wavelengths 
■ small compared wit!i; the■ radius of .the crack* the stress intensity 
factors rapidly tended' to sero*. However * the, stress Intensity ■ 
factors so obtained are only valid at low and - intermediate 
frequencies*
Mai [2] considered the diffraction of a time harmonic free
torsion wave by’ a penny-shaped crack and, . using a different .
method*: again. obtained a , Fre&holia integral equation of the 
second idnu which, for Intermediate and high frequencies*. was ■ 
’boX ved'numerically* Mai showed that the :dynam£e stress intensity 
. factor. is a periodic function of the wavenamber# i-he physical 
significance of "this result is that for large wavenuoibera the 
waves generated' by.diametrically- opposing 'points on the 'edge of 
the ■: crack reinforce or interfere with each other* ;,
It Is proposed to adopt the analysis contained in [1] to 
obtain a pair of dual intogral equations, for the determination, 
in the plane of}the;’ crack,. :.of-; the Hankel transformed .-'displacement 
in the scattered field * The diff raotionproblem is to be solved 
■for, large; values of. the• waveaumber kW^/e wnere eels - the ■
'.circular. frequency, and: c^ '-is the speed of shear-waves.), and a 
method due to Woble [3] is used to convert the pair of dual 
Integral equations into a Fx*edhoIm integral equation of the 
second kind which is then solved asymptotically* Explicit
expressions are .obtained for.the dynamic stress intensity : • 
factor lc3;,Valid' for large values of k and all physically ' 
significant' values .-of the.wavenumber d (-&/Q where - o is - the 
velocity .of-propagation of torsion'waves in'the .axial direction}* ' 
l*e* vfor. o^ c^  ^k*'It Is :not possible to obtain-a single 
uniformly valid asymptotic egression for k since there are 
two wayenombers in the problem} for this.rea.oon it Is necessary.;' . 
to :obtain three non-ttnlform .asymptotic expressions for.th© 
stress Intensity’factors* The variation of the'dynamic.stress 
intensity factors for S^k^lO and certain values of t [-Jv^TW~ ) 
is 'displayed' in a graphical form* These graphs: clearly show 
that the stress Intensity factors* for all values of £ are 
oscillatory functions of’the wavenumber k*
Asymptotic egressions for the scattering coefficients are 
also derived, by using an approach' due., to: Barratt and Collins [5] * 
These coefficients, for the values of f considered are 
oscillatory functions of the wavenumber k, which is clearly 
demonstrated in the accompanying graphs, '
1*B Formulation 
Gpnsidor. an infinite space of homogeneous Isotropic
elastic material, -with'.shear modulus,^ and density po
containing'a penny**shaped crack of radius/a*, whose-plane, 
faces are stress-free*. Introduce cylindrical polar-. .
origin: and -E-sadsf the crack ,is.. then given l>yy.2»0, ;0^ kW*:;B 
.and 9. define,the position of an element in a plane of:a given 
; oross-sruticm .at -a. time', t* Figure 1 shows .the position of the 
-penny-shaped crack in the elastic/space with-- respect to' its 
/axes* .and also, an; infinitesimal element-of the elastic . space*
coordinates Z) -with' thecentre and asis of the ■ crack as
■Z
penny-shaped
crack
Figure 1
A torsion.wave impinges;on the crack so that the particles'-"': ' 
of. the:material .experience; only an angular ctisplacemehb«. The  ^
.components of the displacement' in the.,'radials ■.tangential .:an&vy 
' normal• directions are denoted by u^ , u*, 'andu* respectively.* - '
• Since;the deformation -is symmetrical about the'Z^axis, ■ the,
displacement' is -independent of. the; angle &. Also,;y there ...is,nov.'.
' : V:. ■ ■ - -.
displacement in' the R and ,2. 'directions,-' therefore:
13^ = U^~ O , ^  (1.3*1)
-, Normalise’ all '.lengths with respect to' the radius of the • crack 
by introducing tut- .affineVtransformation '
Zaaz' r, a^{lVAst}= au^ (jD,E,t), ■; (1.3*3)
;-"'ond letting-; h';y
. = <£ .(p",z-,t) and (lf}2,b)= (ptz,t);.|i.2.3)
■ From (1*3*1). it follows that. all.-the: stress; components 
are. zero except, two,: which after' using (1*3*3) and (1*3.5) '
. may be -written.as
^9 ( '~J*c ^  ~ ~ (1*2*5)
Two of the / equationslotf motion-.aro' ideaticaily satisfied, and.
, the remaining one;ia"•'_/■■ .
l A  +  f ^  = <ff° x ' e -
, Bubstitute ,{1*2.4} and. (1*2*5)- into ; (1 * 2 •6) in' order to obtain 
an equation'wholly in :terns;of displacements, ■ i.e. ’ ■
,MC X  jf2j4.-:iiVy+ >»c- A  / ^ e  ' - ^ ' W V ^ e '
^  I 2j3 p / V / p v p / tft
■ and.hence ,' ■ ' \ .
- v ■- &©■■■>' iJie = i v  (1,2*?)
y  p %  f 1 v  ^
where o^ * C^/Pe) $ which is the speed of the shear wave#
•' The- time ;dependence of the stress ' and'.'displacement.-■
- components may bo takenr’to vary. hamoa5.Callyas,;:e*g* .
■"’: d . s . a )
After substituting' (1*2*8)" into.’,.{1*2*-?) we obtain - 
where the wavenumber, •
: ■; In the 'subsequent worki we set a, the'radius of the crack, 
equal to unit"length* ;
'The stress fiel&v:p'aused;;by- the.oscillating torques .at .-•; 
infinity produces an ;. incident. field- which will be denoted by 
the superscript I#. When - the .waves' reach- the ..crack they produce 
•a'.'scattered fieldconsisting of reflected and refracted, elastic 
waves, and-this field will be denoted by the sup erf eript s. 'We. 
can write,. by using the principle of superposition;.. .
.•'Let the - incident torsion', wave- .travel in' the.: positive' .
direction so that It'will/.ha incident on the negative side- of ' 
the crack, .lienee'take ; -.
U) ■ v ' -. \ ^d'Z ■ . ■: t
where and c is the velocity .of propagation of torsion waves
in the axial direction* .
In order to- determine-v(p) substitute- (1. *^ #y) into (1*2#9) ■ :.
Let
+ vl~o / ; ;^.W*u«wMa«L * ■ *w »  » *5bsrws*«%<. . X .. . f 1 uri.m * j. »y a , 3 * 4 )
V . ■';'./":.;''(-l»3.5)'
then the ...equation for v(p) becomes:-’,.:,
; L f  >Ji.eLy -t-'/f-_t\v= o. (1,3.6)
y  p v p I
For the time being we only consider the case Xfo , so that 
(1*3*6) is Besselfa equation of order one and argument 
which, has as its solution
v ( p W  A
r^iVAf.) + ’ V® f ' ' (1,3.^)
At p-=:o , v{ o) must be finite; hence -the .only possible >alue of. 
zero*;Set;' : ■ ■ ,.-. d;' V 7
V ' ■. ' . : ' - ; (1,3.8)
The;-reason’ for -this ;particular, choice - of the constant A , will-. ;,
-become /clear- later, on*A v'. ’ ■; W.A;,
It isnow.possible. to write and by using (1*2*4) , ; 
(1.3.3) and (1.3*7) as , .
A±u-J.fX^e , (1.3,9)
. . :. A
..and,
u.s.io)
■ .-:■ /  , ,- A  - ,
where. ^  -.^c (1*3*11)
/*vwc 5 the stress tm.fche Incident'torsion vvavefront^ls'.assumed•, 
to be. nonrsero ;ao ol-*o . ;.
: How'consider the ^ane A-'o y7:i*e*' when 'ks <* * -It .isr seen: that " .;
aquation {1.3*6) is equal to
i V  + l . l v  \ (1.3.13)
dp* p dp P
which- is -not:Bessel* a-. equation, ■ bat; ah. equatlbni.of •; the :’Euler: type
which. has.- solutions, of the'form- ,
V (p)= + g, d. • : (1,3,13)
' - (° :
On'using roasoiiingv similar to that used , to determine the., value
of-B0 and after letting' ■
- u») (1.3,14)
we have
U > .(1,5.15)
whichrepresents a - free torsion. wave, and-
& } . . -•(V 'z  - ■
■ (1,3.16)
Let %*o f first in (1*3*9), so that
a
> I(L£1- %  uep (1,5.17)
A^O -. A”^ O ■•"A P
and then la (X®3*i0:) to give .
/ ■ Cf  ^ '-l < d *2
lim, (P^ r “■ P ^  -(1*3*101
1-®? o -. . * ■/ ■ '■’
■It is, seen.. that* ^ because,' of the particular;'Choice. of A| f" 
tl*3*l5) is: a ' member, of. tho same 'set of solutions'as (l#S#95g. 
therefore it is only necessary to-'consider an incident.;wave of 
tho form '.(X#3#9.) t' and ■ for'.the .'particular case: of1 the ..free torsion, 
wave take .the tic*It; as -'I-;.tends_ -to- zero.#
.■ For the, ease l>'k$ by using.. ti*3#5) - write; the incident, field ;
a s
hY . A x •< (k7~y)^ Z,Z
%  (pi'l)^  'tf(p) * (1*3,19)
'Now 1 (k* £  ^  will be:-real* and hence. (;1*3 #19). 'will not. represent 
a travelling wave' since the - resultant field-will be- evanescent!
therefore take' 0 * ie i .yUrfe/* (1*3*9) - represents, a ■ .
standing wave*' S V ...
1*4 Tho scattered"field   wnwm
The scattered part of the solution mastsatisfy the radiation 
condition
-v (s\
*4“ "i
%
U9 1 ° ) f °°>
uniformlywith respect to 9 and z* This solution may be found by 
■the application of, a Hankel transform ...of order; one; .to ' ©qtuatioh - ■
~v ;fc>
-v JL
V '  f ¥
(S)
0
2 f  V
therefore, after integrating the right-hand aide of (1,4.1) once 
by parte vie have
GO OQ
(1.4.2)
pO
p <yU0
j \  ( S W
-  s ’u,
x x
(1.4.3)
She first term on the right-hand side of (1.4*2) la zero, 
since there must be no scattered field at infinity, and after a
further integration by parts we obtain
c<S co OS*
* v ' / ’ Y
e> f/0 ^)uc \ v),( <!(> = - s 5 K ' — f> v sf)^>v-
. -L * V
But ' ■
s: p "3; wsY-^r/Vs^ -v ti,
df . ' ’ i : ; ; : :'
and from Bessel1 s'. equation; of order one we here' ’
SZf 5 ~J,fSp)r .. ±( f f1-') ^ (sf) {li
. so that (1.4*4) may be re-written as
co . . ■ "-y> - ’
jp ^ J . Y ^ » (  spMf ~ ~ s jf u8(f>^ : (X.
 ^ T  f ^ 3 f v ^
.;. 'Define V"
oo . .
(r\ f
l°efs)'2) = jf uMf'^ J'^sP^f' (!■
and hence the' inverse of v!^(sjz. ) as
^  (s)
ue V ^ ~  I s 'Usf M $ . CX.
From, definition;.(1*4*8).: (1.4*7) may be written as5
oo ■
o Y  f ?p ?  I
Also :-. t>o
(SO
.^ 1 ^ e\f f 5f^  ^  fr (f %  (/V^ .A:'(sfi c^ fj
7z2 ■> /  > £  ■
therefore from. (1.4.8) we hare .
)(>2l J.OpV^pr i!_Oe rs^y. £1
O  £>2 ^
■ Use resalts (1.4*10)"-.and (1.4.11) to write ,down' the Hanicel
transform-. of equation (1*B*9) which .is
A L  U*nrs,^+ l£fs/*W o o.
4.6}
4.7}
4.8}
4.9)
4.10}
4.11}
4.IS)
In. (1#4#1E) lot $%'&?'-§ .then {b§z) . satisfiesth©' following
is)"
<s)
equation
fs,^»0. (1.4.13)
v ^
It is necessary to define the outs in the s**plaae so tliatj/{s)
will behave/in ;a: certain 'manner*
out
JZ
£
s~plane"
out
; ,fhe:0«-plane .is,out^along-the real axis from\-*vt0 -k*'. and from 
k t o T h e  contour for 0 lies below the out-00 to- ks and above
the cut k to «*>
Figure 2
Following Hobietel arrange- the cute in the s~plane as :ahown
in figure. 2 ■ so that* ' as
2 £ n'/2
For s-*-«o, consider y = (-a-kjtf-s+k/2 as s^ <?6f and arg(-s-k)=77
TiT't
which gives that - s-k=(s+k)e* Similarly arg(-s+ic)tr-Tr and hence
-in
-s+k=(s-lc)a • Therefore as s-*r-*>*It is also necessary to 
kno?*? which branch to select when s<k, therefore consider
*/x '/a, <tt°
Y? (e-lc) (s*k) . For s<k, arg(s-kHif and s-k--(s-k)e , which 
gives that y=. (k-s) e (k-v-s j * Summarising we have
With definition (1*4*14) in mind it is obvious that the 
solution of equation (1*4*13), in z^ o, which ensures outgoing 
■ waves as 2^>r is
V j i l-z)^h(s)eyz
Substitute (1,4.15) into (1,4.9) to obtain
(1.4.15)
f  ^   "
^  (1*4*16)
' " .-■■ ' v ■ ,'  ^ ' \ ’
Solution (1.4*16) is only valid for theeolution for all z 
is ■
u6 ~ Sf''z f5^ U 5i^e ^ S> (1.4.17)
‘ ^
where '
sgn s f^-l, z<:o
1, s^o (1*4*10)
■Cv^Uv^-4 OuCsn&J) 'Z.= O .
Hence, we are justified in only considering the solution of this 
problem for the region z^ o*
1*5 Boundary conditions .
The first boundary condition assumed for the problem under 
consideration-is that there' are zero' tangential shear stresses 
on the surfaces of the crack, which implies.'that there is no. 
friction between opposite faces of th© crack,i*e* using'the 
notation given by (1*3*3)
Boundary condition (1.5.1) can be-written.in terms■of .displacements
This last condition has already been used in obtaining (1*4*17)»
+ 0^* r  O > ;4-ov* Q & p «£ V ~Z~ "^ O
02 V2 . ' - - ». . . (1*5*1)
by using (1*2*4), and the value of<&, from (1*5*10) to give
‘ x .. ■;..
^  The second boundary conditio^ %
t
=0, f > (' jtvul zs-o . U
Finally, for large (f+* I, u(f ^) must represent outgoing waves
■1*6 Tho.-.-dual integral - equations
■ Before the scattered 'field can be determined -it .is.' necessary; 
to determine the unknown, function A (s), ,{e#£* .(1*4*16) ) *  fhe 
approach we adopt to'find A(s) is to obtain a pair of.' dual integral 
equations by inserting the Integral equation (1*4*16) into the 
.boundary conditions .(1*5*2)..and (1*5.3)» Hence
where fsty>) is an unknown function which is to be determined*' 
Equation (1*6*1) may be inverted by using Hankel* s inversion 
theorem. Inversion gives that
Substitute (1*6*4) into (1.6*2) and interchange the order of 
integration so that we obtain another integral equation, l*e«
} o \  y
(1*6*3)
(1*6*2)
(1*6*1)
A (s) = f ' J  ff(>) j, ( v s )  d f
(1.6.4)O
Let the Icernel -of -integral'--equation'-'(1*6*6} be represented by .• 
^{p»r)j then
C*3
K((S,'ri) = f _s^Tfps):l,(rs) A s , , : ,;.; ; ; ■ ; , (1.6.6)
This kernel is of the form considered by Koble[5]*
The Fredholm. integral equation of the second kind :
8*1 -Transformation of the ..kernel ■
*3?ke. transformation ’of thekernel' Zip r j? ). is : considered- in , ; 
this section* HencOj..following loble 13]t ym inako .the change of 
variable' sr-^ 'in ,{1*6*65 bo'give ./'.
For' elastic waves of. high frooaenoy* the wavendmber./k is large* 
It would be'-convenient if;/we/could-. introduce tho asymptotic • 
expansions /of the -Bessel functions for large k," bat for the ’ 
time being this step V/obld /not be - valid' siiico : the integrals of 
the higher order terms would be divergent near ij-o * Split, 
the’infinite integral £ar:-Z(p9g) 'into' the'ranges (pfl) and '
. {ltoo)» so that (8*1*1) -is/'written as / , V ; -'
I OO /. , ./ '
K /f, v ( _ 1 _ . J 7 +-te V •
(2 .1 » S 5 '
"All .the divergence is contained in.the range. (0*1), and the- / 
next step; is to transform- this' integral to a - moresuitable'.;/ .
form* In order to, perform this-' transformation .'-■Introduce /the 
complex variable ^ (kpf) tends to infinity as f
'■■tends-;, to Infinity§ in both; the': upper -and lower 'half-planes* 
therefore write
First consider
whore Or is :'bhe. contour of Integration; shown-in figure 3#-
■■■ 7 ■.
f -plan©
The contour'. 0l is Indented around -the'singularities ■ at f= 0 
and j5- \.
. . . Figure 3
■Let: the .radius''of the;, circles indented around the singularities 
at f~ o and ' tend to zero* and hence by Cauchy * s theorem
* | ~ °) (8 * .1 ^
8c ctK
as -
• It is q,uite'.: easy":;to-show that. as ■ E -*■*> there " is ;no ;' 
contribution from tiie- arc BO*:..Let /
I.= j af, y  (2.1.0)
&G
and
( Cif. (2.1.7)
Hence" T (8*1*8)
integral I ' has a branch point ..at if*\ ;r and on A to; 1 A. 
it Is -aeon from figure.. 5 that arglf-IKtc and
f.|= (t-^ye1 (2,1.9)
Therefore -’/v;'
I CO
—  f ■ > ■ / ■ ■ >  ' . M  - A  —  . . ( * .<*> ■1 _ i %
‘ 1 ' | d w y
(2.1.10)
and,for I ■
0
if )
% =  - j ' 7~ ^ '" ' ' \7 t -l' l » :( •* 3  * •? )< *  f -  ( 2 , 1 . 1 1 )
may be written as 
o
(2,1.12)
Substitute into (2.1,8) the values of I, ana 1, given by
(2^1.10) ana (2.1.12) to obtsy.n
+ < j j - X — h !•( '(-cfcpV)
cod+rfyi- 
llext consider
( - i - T  H 
U i - ' V /2
(2)
!,(■&< f)Af ,-for p>r,
(2,1.13)
(2.1,14)
where 0 is the contour of integration shown in figure 4, <0
f * w 9'
f-plane
The contour 0 la indented around the singularities at fco
and -f=l.
Figure'4
By applying reasoning similar to-.that used in .the-'-evaluation 
of {£*1*4) we obtain
4...J A] = 0 . 12.1*15)
AG D&
Similarly it can be shown that on A to 1
j-> - (>- (2,1.16)
and honoe "
,  I  . 00
fte oa o'*-i ) '(J*’)
o
* -H *vo 1H  f
Therefore
*■ oo
- -i j ry— _ ti, o. (2.1.17)
oo ( H  ■*?) 2
From the relationships between the Bessel functions of 
different kinds In [71 ©t al, we have
^ v (* ^ f “l) ^ ^ v ~ ^  K  ^ v 7)»^
'' ' T  ■ .
and (2*1.18)
h^V-i 2 i
T -
Subtract (2. 1*17}/' from (S*l*15)':■ and use (2*1*18), therefore 
for p> r,
(2V
oo
J / ^2 V/lfc(f- «y*
or
The next step is to substitute results(2*1*19) into (2*1*8), 
and use (1*4*14) to deal with the square root to give
K(p,vW ■ M M U l , .
u 1 '>Y
or. .
00 («
K ”(p,x)r ■& \ - ^ ~ y h V  ^  f ^  ^  ^  r- (2.1.20)
Obviously
It is now permissible-to introduce the asymptotic expansions 
of the Bessel functions into (2*1*20), I*e*
L -A-Jt*  (^ “ ^ 5
■>_ _ —. }€ ~ -i € t J\ + Q(j\l P> v\
^ 1 (r y M  l l . ; U ) r ‘ ; .
similar result; IsVobtuiaed for .s  --and we' can combine these
two results in the following way
’' ' 'TrJ-Wa ^ ^  K '(P>^ +  0  ’ (2 ,1 ,2 2)
where.
{8*1*35)
and
c*>
luQuations {8*1*25) and (2*1*84) are next transformed' by 
the substitutions
^ \p-x\ - Pv-p~y, (2*1*25)
and.:
‘  r ) v .
to give
oo
(8.1.26)
,  < \ -?--i &v i
p,y>
and
If terms of 0  are ignored in (£#l*8a), then {1*6*5} 
may be written as
o* -
l K>fp»V>l ~ "* = °* ' {2,1.29)
O '
for p>l and large, lu ■ -
m  shall ' obtain an alternative '.'form for the . integral
equation. (2*1*29) whore ,f(r}': is; known for o*r<i f and
onicnom for Insert the egressions - for iC0(^r ) and K r(pfr)f. 
:fro0-.{Stl*27) and. (a*US8) respectively, into (2*1*29).:to give':
C£5 ' ♦ fi, , op - . Q_ ; 60. • . -n . «0 - f>
'
■^ e AV
^MC{ j5)Vr^
p>l. (2*2*1)
> 'sr
Figure 5
/fake 'the first integral- in (2*2*1 ) :ahd'.;interchange• the
order of integration* by considering
T T "
Xf I X\r }
t-V oo
vwo*c(f.o
taken over' the. shaded' area* i in figure ; In'two
different>ways*
: .-How.' ‘ T  *T
J )A w v v  ( A v  ( <^ A/ ~  JiW/C (X  V | X*) Hr -t^A\ 1 <1 y j £*-aJ
T^«o i V J x T-^ CO { h T-^ c# y
.'• and :.after.:intereliaiigiiig the order of • integration we iiave ■
“T *TI■•;- J P 7 \ y
Iwv k W  (cW -hwv IcU U v  | <t* (3 .8 ,3 )
f  i
Add together, the two;;inv«£i<?lo on the right-hand side of .- -
(8.3*8) to obtain
T *T 1T .
Jw v  ( i v j . W^. *=
o r*(Mx. (p;y) T-^ «o *
j ‘W -  (2.2.5)
'.Interchange.. the . order -of. integration of the. second ..integral' ■ 
in (2#2.*l)t and '.substitute. result (2*2*3) -.into (2.#2*1) .fco.V. 
give-. .-
\T . r . ' . <X> ' o
1 »(v-vY&  { ( v * ^  '
f >. ■ • ", ' ■ ■:';■■.■ /
V : (2*2*4)
■ Equation -(2,*2*4) is an Abel .integral equatioii -which m y •
written as " w v -
oQ
. X * S  0  , ' y
I
c N - f )
and its solution-Is .
‘Therefore .from ;{8*2*4)and' also writing the result so -.that 
-the’ resultant integral equation for f(r) Is in a form where.,,: 
the unknown part is on the. left-hand side,' and the known-part ■
IB ' on the
V -  V
ght,' we obtain
eO
la (2.8.5)
H'^ V’ „ •'-ffcv' *V */
6 ■_■ -j 8    ij v * v) Av} ,y > I
fV~r (\f+r )^ x
P(vY= Y/s- e.^r h  vV,
(2.8.5)
(2 .8.6 )
■an?
Q(v|= < f±le2?I-f(^VAr - f/M-fv) Li.il -
J,Yv+vV/a Jo I(v-Tvfc (v+vVfe
then {2*8*5) becomes; w V- • 
nr '
' ' j  ■ ' • . ;
VX__Av6?(v) xr > I.
: J ( v ^
' *  V
Equation, (2*8*8), is' another' Abel integral •; aquation which
/ *°s o a'j \ fa * * w /
we .now Invert,' in order to derive-an expression/for P( v) *
The inverse of (8*2.8) is given by
-■■ ■ r
?(*W i A QfvUv , y>(
dr " (v-vV^-
Hence from (2.2.6)t (2.2.7) and (8,2.9)
(2.2.9)
Interchange the order of integration in {8*2*10) to give 
A  Pi - d j M 4 r-iidv' a { u
A p J ( v *vvY^ * f |5- v V^
x~A 
©
, p ^  15
■ %  1  '~$v~i£- ie -f-j— ^ — ^r^p'ts.s.u)J(v-yY fp-v) tip -J(v-vx) (f-v) J*j( * } -
Equation (8 *8 *1 1)" is a Fredholm integral equation of the
\L .
second kind for r £(r) * let
e
and
Ap V' YV^fp“V)^ 
£>
4 
..‘t y
■ JLw^  ■*. r--r i ■1 ■  ...1*--|— ■  —  ■■■■ 1 ■><■— "■■!■' «
( V-VY)/ ff,'Vl
then equation (2.8.11) may be re-writton as 
p j . .kt |y^ x e^4frVCq^,v)dv
(2.2,12)
(2.3.15)
p>i. (2>a>l4)
0
and 0^  (p*r) can be evaluated by elementary methods
to give
0/a
and
*/x
C (o v H  — — b±xl . .. , (2 .2.1 0)
Substitute the values of G, (^ ,r) and Ca(£>,r), given by 
(2.2.15), ana (S.Bi.16), into (2.2.14) to obtain
Sh .. H * % \ .  4 /  +I.U v
-{*1 t  \'/xl |
€ - < ■€; _ (A±v\L I JiV )£» \.
(p-v y) V
and
O0
(3.2.17)
f j°>' . (2.2.18)
L / / ) r  - . I  -i. e1 f'lL)±xV^VAv. (2,2.19)
r T i f (f-yl ff+y) i
Insert (2,2,18) and (2,2.19) into (8,2,17)so fei
F (/3^- •! .( € 1 (U v)fa Ff v g I ( g\y <?> ) ■ (2,2,20)
' T J,(r.,fA fo+r)
Introduce the snb &titnt1ona
X  = f>- t , Y- '> F(f) E  i(3c), (2,2,21)
The onljr place; where/k appears e^llcifciy/.dhder the . integral 
sign in (.2 *2*2 2) Is In,-the term ejjp(-2Ik1)* . and•. this :is ' 
convenient for asymptotic expansions 'provided 'that i« );-has g ■ ; 
suitable ...depend once’ on- k*. The Important'part cf the .integral' ; 
comes, from. the. region near 1=0 * and’:the;asymptotic ' expansion 
will'depend on the behaviour of f (1 ) ' near ^=0 (0*f# [8] )» •
A 'first-. approsimatipa. to ;{2'*2#22).'iG.:-.
.and since,'
fez, L(X) 1 for xc^o§
- to are: interested in- the behaviour' of • - .: ■ *
' l»Cp) for f 
The-behaviour,'of; the-first part, of; the integrand of .(2*2 #19)
i/a .
. .changes. from (l~r) to (1-f) as ^V. 
It is necessary to be careful that.2(1) does not contain 
- concealed.exponential factors depending, on k* These difficulties
could b© avoided by. ttsiag' aa iterative method of solutioa,
j^o ' •
but -for; a -first-' approximation;'expand(8 *1 ) . (£±x^) bythe 
binomial theorem^ as a power series about-the point 1 =0  ^ and 
take;-only’the■ leading ..term-so-that .
(5+i)^(^+J(+',s V - ^ ,/l( 2 ^ y ' + 0 ( i ^ .  (8,3.33)
.Hence/from the- above comments* ;'an&' result (&/«g«2S):' it is seen 
that" the integral in (8*2*32) may be approximated as
y - W .  j m - * i ~  a i . (s .e .24)
i  V I  1(3+3(vf) (j-va)j
Substitute- (£*2.84) -i&tojJ 2*2 #£&)'• to give '
\xyo- (2.s.2:
k 12*x) A>
OQ
. -2-ife(=2iH j'kf)f-e\ife ^ I n M a  (3.3.26)
Xn (8*2 *2 0} let
: T  ’ * o
then,on substituting for l{x) by using ;.{8*3*18)s an ■ alternative 
form for .(8*8*88}- is obtained which is given by
p^ ff-if1 6 K/p} -fffi- v . (2.2,27)
ff-vi! ;
: We can determine the value of • C.-by multiplying .equation"' :
-x(z ■
(8#8*8S}9, by x exp {-Site), and then -integrating with reap bet '
to x from soro to- - Infinity!. . i*e
- j A  i , , X j'’ r f
| e K ’ ; ^ 1-^ -. %  • (2 ,2.8 8)
I  X ^ ~  I  x '/a i3 fb(x + ^ >»
m  (2*8*8©) multiply, both aMoO/ty — t 2/ae * Ix ' /bM  qIbo lot
^  T -2i#x *
\ e ,.._^x , {2*8*89}
to give '. >
C = - < J L e €  ■+ d_i_e ^ Q  • (2,8,30)
.■■' ' T- .: :' I X *  : , : , *' ; '
Reaerins G io terns of f(r),, by using ,{8»8*18) to obtaio.
C = - i 2'fcJ ^ e ’% v U , ,
V  , :
ancl.lt.is seen that before'- the- constant:C .eaa be- evaluated, ' f(r) 
tea to be. dofcemineti. for, r>X*. Clearly W  .alternative, axproosion ; 
will have to bo used in ,order to'find C.*• Consider tho' first
integral' on the right~hancl, side of {2*8 *©0 )? and from {8*8*19}
and •
*  .if, (a.z.52)
Xtii the: eld of,..{8#8*3I). 'and' (S#B*S3;): via. may cast (8*8*30}
into
C=-rL2 '/-te 3i*(:P,--iPa't i- ± 2 ^ i ^ G p ~ h
: ' IT. .
{2*8*35}:
i- i ©r./-:v' ■■■;-■■;■:.
. in {8*8*535. for G is in.temo of 
known qaantitiea, since -f (r) is knovm for o ^ \  * In order to find 
f {^ ) for p>l f it is only a matter of evaluating -.integrals. ; 
asymptotically, • for . large Mil© evaluation ■ is - discussed
la tlx© next section*
8#3 Bisotiseion of. ill.©; aSTOPtotio. evaluation of .certain integrals 
; teo'main'diffioultias -ariso\iiv ©valuabing^th© inner integrals 
in'{2*8*31} a M  :{8*B*52J oay^to.tleall^ for large lc*first . 
of all, in avaXaaiing: the -former of these b\m integrals • 
we cannot us©. the method'of steepest'descent, or-a "similar: : 
olassloal toohnlgue, ainoe ;th©ae; methods raoiilr© that .the. - 
diotanoe of;the nearest singularity from the saddle point 
is reasonably large* :Xn this integral the ..distance of the ' 
pole from the saddle point'is governed-by'the parameter x 
.'{ the distance of a-point from the edge of the., oraok along ' 
a radius lying in the plane zro ),and the range of % to be 
considered includes the ■ case where this pole can come 
arbitrarily close to the. saddle point* However, if ..we replace '■ 
f{r); by r, then it is seen that .Sfcallybrass [0] derives an 
integral' of a ' similar form, and ho overcame thiC:::diffioulty 
by using'the'-work of OXemoov; [101 and Oberhettinger p.1] , et 
al*/y.
From la .ot)vioaB: that; the integrands of these •: ,•
Infc egrals are dap endcnt :&n % , ancl it not' possible to . . '■■■■’: ■;
obtain ; asymptotic egressions, for-large te9/which;-are uniformly , 
valid in' "X/.»:We can distinguish' several/'different oases" v/hea ;
• evaluating these 'internals - asp^totically, e»£« ?„>hen :<X. .ia. . ^ 
v, sufficiently small replace the Bessel functions by their power •
■; series* If X la large, vo can,; after' suitable, contour integrations 
{c*f# Chapter 3) replace the Bessol functions/by-their asymptotic 
;• 'expansions* and' in;■ the resulting integrals-,;distinguish ^ bwo; cases*. ■
. which .depend■ on 'Whether. the.factor'k-X , v/hich: appears - in the 
exponential. part of the integrands is small or Xar ^  * implicitly 
three cases may bo defined as follows*.- .
Qase X fc»i aM . . ■  ^{E#3*l)
■.'Oas© XX ' 04c 4 L. • ■ (&*S*£)
■fe ;
and : . ’ ■ . ■ '.;0 ;:.:
Case III I_-_J_  ^££t, (2»3«3)
V  ■ ^  ' - • -..V
.ykese 4c= X, (2»3.4)
and hence from {1 *3*3.9}* The upper and lower limits
on..I in {%*%*%) and (£*5#B) rcapecfcivelyy are to a certain 
extent arbitrary* -although ineach., instance' some form- of „ 
restriction01usu. be imposed*
Section 3
Asymptotic evaluation of f
S.rCasi
In this subsection we evaluate f {pi for the' region j»\ and 
subject to the conditions given by. (2.3.1)• By standard methods
It is easy to show from '(2.2.29) .that
a3/j. J^'lx _ (3.1•!)
?his result holds for the three cases since it is independent
of X.
'or (2*2#31.) we insert, the value of the function f from
(1.6.3) and let
i o,= i a v U x .  x>o.
o ( . v "l
It is not yet permissible to substitute the asymptotic.
(3.1.2)
expansion of ^ (lr) into (3.1.2) since the integrals of the.'
igher order terms woulcl.be divergent near r=0 ; therefore an
alternative form of Q, • is. required.. we ■ consider
u ' h (>- , t r  u>o,
c (1^ - 1 )
.iiere 03 is the contour nhown-in figure 6 .
plane
The,■ contour C 3 is indented - at o and J
Figure. .6,
The only ;:pole 'is : at . w h i c h  may be ignored since "it: gives 
.no contribution to the .integration* Hence on letting R-xo it
can-be shown'that
1 o (x-ivV
*+•€*? J. ()ye j ^ y .j x > o ."T
0
m
Similarly wo' let-
X  l-vvV^  T t( W U v, X > o ,
o (Vvr-vv)
(5.1.4)
and consider
where C, is the contour shown in figure 7
A ■.
f-plurie
The contour is indented at J=o
Figure 7
On letting R-^ oo.we obtain
-ve %  | J , (-Xve*^) A v 1 x > o • 
(Ux-iv)o
From an examination of the forms of Q, * and
(3*1 
j it is
seen that: if is\oniy. necessary ’ to roonsider-P$ ■where
P - - - i  Q, . (3 el
(c.fe conations' (3.1*2), (3*1*4) and.'(2*2*19) ) •:Therefore to 
(3*i*3)i:\ve add- minus i times .(3.1*5) to give;
x p -  w,\\iw^)\Av
ro (x--i x)
noting that the second integral of (3.1*3) cancels with the 
second integral of (3.1*4), since (}l)r -J(-X) •' On substituting 
the respective asymptotic expansions for T^XOiArlV into 
(3*1*7) and then using ■(2*3*4) wo obtain .
l It I i/
h- 6 ^  ( ^ -f A
o  ( 2-v x - -10 j
v/e now write the trigonometric functions in terms of exponentials 
to arrive..at ..
^ e^n':)(e_^fPlAv
o ( J - -t V )
OS
4 6 T e (3-avY + e * e . (j^r Ar. x>cm(3.i.e)
■.V(2-v;x --trV { - -tv)
. .Consider the first, integral'on- the 'Tight-hand side of
(3.1.8). It is not a;.valid: step to expand (x-irr* in .powers . 
of r, since x may talee values, arbitrarily close to zero*
This integral exists when x is. zero and may be evaluated by an 
application of Watson? s;lemmsi; .but an asymptotic, expansion is
desired;which. is valid lor ail k(l+£ )>; and gives,--the .■'•correct':;--,, 
result in .the -limit..as;x tends to .‘zer.o,■ ■i«e* the :expansion; ;
.must'’ be";-uniform"with respect' to x« The type of expansion which 
will/be; obtained- Is called :by Olamniow p[XO']a;partial: asymptotic 
■expans ion *; _ How ever, it is pmore- convenient, to/use the'work -of. \ 
"Oberhettinger .[li] to give '
i(a-rr)
.,e can express, the v/hittaker ■■function in terms of Kum-ncr * a 
function or in terns of the incomplete; gamma function, I*g. 
from section 7«2*3* of [IS]
and'then, from • section. 6 *7 •& of [l£] ,
-ik,% ■
Hence ; -
° ('3: - -£ ^
Therefore
p>o. {3 .1.10 5
0O
e
-■fe(\+t5v i/2 . 
e L Av
o (x~< v'i
-1/ 1 €
For the second integral on the right-hand side of {3*1*8 } 
it is only.' necessary to 'change'6 to -£ in {3*1*9} to give
©O fi
e e £ « i yk,<K(\-Ox\^>o.  o . i .n )
o (x- -tv-) X
Results (3.1.10), and (3,1.11) ere exact and in the limit as x-*-o
are; finite'- and agree, with : the - results obtained-on- applying; .
Batson1 s' lemma .when x=o.* we can' evaluate asymptotically- the •
■third integral on- the right-hand side of {3*1*8 ) by applying
Watson's-lemma,-- i#e* '
00
2 ' k ^ - i , ^  < |+ 0  ,, O  (, J>12)
1 (2-+*- -iv) (x+a)-fe(\-0 * '■fe/i
Similarly for. the last:,/integral wo have
L * ( » ^ , 3.irf y r = 2 ^ f !  S u O / i Y l . ,3.!.!,,
o (2-v:x-iv^ (#*¥2)4^  (Hf) ( I'K/l
From (i.6.3),(2*2.19),(3.1.2),.l3.1.5) and (3*1*6) it is seen
■that
= L(^-V^r 3 Oj -i P. (3.1.14.)
Hence on - using this last result, (3.1.8)-, (3.1.10), (3 .1 .1 1)
,(3*1.IS) and (3*1*13) we obtain
L ( f > ^  C | / r  w  ^
1 L £
(3*1*15)
The; error term-'in .the brackets;[1 Is of 0(^5 or of 0 (1c ^) 
depending on whether;- kCp> 1 ), is. small or large*
Before 0 can be evaluated asymptotically v/e must'/determine
’--IP" . How 'from (2.2*19) r(2*2*31). ...and (.2*2.3£)» at oo r /
. f t
(3.1.16)
and -hence from (.3*1*15)
/v/
A
1/a.
* / y
*  t "-e-
i e M  r  l i e3 J t
1  I (\-i) (\+t) lJ (JC+2)J (3.1.17)
:e deform the.path of; integration of.the;first integral into
the n< m iv.e imaginary -axis, to give
OO A  ^
j -1 n O x  *-i je (3>1;
16)
and. then use result (51) of/section 4*12 of [13] which is
OO .
- (t*-^
I-
Y
(3.1.19)
for 5Sl {*>)>«*! and. ;St(p)>0 to obtain
o 1 1 ■fed'tY ( O+m'M
(3*1*80)
Result, (3•1.20) holds if; £ Is changed to ~£ • The last integral 
on the right-hand side of {3*1*17) has'already-been evaluated 
asympto'tioally for large k. (e*f *Q) *' Hence from (3*1.80) and {3*1*
we'have' ;
P-- p^ -. i k <%- - fs   ■ ii. _a  -I tii "®S( — 2 ^ ,
'fed-h / (i+tYA -k{ H a  <
i W l  (u t\ (u tV 1
a r +%-)] (3.1.21)
On expanding (2.2.33) we obtain
(3.1.22)
and after substituting for P, *-ilu , froa (3.1.21'), we have
C - _ 2 u
-■d-tV I (i+trl (i+t)
(3.1.23)
Hence froin (2*2.87) {3*1*15} and (3.1*23) at is seen that
since the two terms-'in .the. brackets of {5*1*151 .cancel with 
the first terms..,in"-each of the brackets. \\ of .{3.1 *£5) * For f Qc\ 
the error tern in-.the. brackets Cl of {5.1*84.) is of 0(4"%) and for
First'..of-all let. us consider the case when 'X=o by talcing
the limit as la {3*1*7) 'to-give
OO A , Q&
T  i  U - t r i  ■ »  I  ( 3 « - J r )
: it is required to evaluate .(3*2*1) for :oo .and large k* For
' the first integral it viouid be. convenient if,, we could ; expand . 
{1+lrr-. as a ...power s.erie; bout the '.origin* ■ In order to Justify 
this^  step-we, will ;adopt the method .outlined - in- section 4 of [loj.* 
V/e make use.,of the Maclaurin- expansion. ■.
t to  v {*( i - .s )  s\
.where Oauchy*s' form of the remainder rni q is ■. given by
Ya " r VJf p % t  si ( r" ^  {' ■* _< U^' " ^  • (3.2.3)
in - {o « . .  •  o} ler u.=r{ 1-^yix) 5 00 that
xn =. . (..y 1.. / u  ,-ir...\/r>vg\ u. (g p ,<\
r(or(%-vv)|7lt^r'A h ^a ) ^  (— -)
Then from (3*3*2) and (3*£*4)
(3.2.5)
O ( O t - - l  v )  S ro
where
r,. w w ; * *  «*-' iu  «  f-’j ,  , ■
’.and /. ■
4 , . f d h t ^ A V  ('5 p 7)
5 r(%-s)s\ i  (K+ix) (‘5*":*7>
?rora [li] » (3.2.7) is
-'k^-hWs+'k)
or alternatively it can be shown,• as for {3*1*9} t that. '
> (3.2.8)
V(fh-s)$\
and for k l^j, 5d:«1 -we have
j  (-EH n f . r (■fr) p. f r ' W . j p  (3.2.9)
.In'-the. 'limit?as » o , result {3*2.9} ,is exact; also watson*0 lemma 
is applicable to the integral and the ..result - obtained - agrees .wit 
the.aforementioned* i*e*'the expansion composed of -the'fs{h) is 
identical with/that' obtained after ah .applieabiorr of .watson* s.
lemma*.:Xf only fe{i:} -is' taken' v;e'have-'-
oo ■ .. w- - ,,: '
» . £ g i Ma‘'{ln-'hl-i**). (3.2 .jo)
2 i  ( x - - i r )  k-
: However, it. has net yet been established that.{3*£*5} is a
.valid asymptotic expansion; in'; order to do this we’ will have to
obtain an estimate, of ;the remainder K^ *- This estimate will-be
of a form which, is 'due to -Jeffreys [14]* II onoe, following
Glomniow Jld] , in {3*3*0} we make ■ the substitution - r={l+jUL) z to 
give
o p(57V\ vvv*/a/{ f *-» *
iv" frhrl,— ~4~ i v- • ■ — □*.:<?} W  (3 .2.1 1)
(^■y*Vr ( % i. •£ ^ (l-vjx\2.^ r -tot 
and-: after making the further substitution juts y/z, • we have
R  = B 2 a U f i
Mv^P(%-v\) ^ o  1 ^  “b2 -t X ^
X& {z+$)'lz/\y+z+iz\ ? we can put y=rn/k, z-o; therefore
R i  W 4 #  T e ^ k - i i f  i z  fefcy iT* JUj;
irnce
M ,
(3.£.12)
(3.2.13)
(3.2,14)
■ n ( i
If we 'expand the logarithm In (3*2*15) and ignore second-and
o©
UW'Jp-z. (3.2.15)
higher: order powers'of z in the exponential,; we hove
oo
 -  _______
f ( % . p  V7-fe+-bt\-fe'v
and hence :
R i r i^is^13
-* (vv-2/aW3^(  ^'Z, (3.2.16)
K .
 ^( /^a-vp (*74<+-tx’) •RA ■}-& + (v\-
(3.2.17)
..lien s is largo wo. can '-apply.'. 3addle-point tocliniaaos to, .(3,2*7 }•' 
Tiig caddlc-ooirst occurs when r-c/kj which is not'small; therefore
let ■ Tes/k4-u,: and 'hence
/c/f,A'fc rS J
£ (4 )=  P (?/h e § (s /4# ( ? # s ,/4
low -,:ase Stirlings. approximation which Is-
Hence
t i * n  j m n i i i M S , ,
p ( % -
.'.and in particular . , 3a.
-P K l 4  ( W 4 # v\
/ r? o  * O  \ \ 0 « 4j 6 i. O J
{3.8.19}
If tSiis last oxprocclon -io - substituted Into (3.2.171 v;o obtain
R i  (%-vOe^ 4-
 ^ , i. \ .1 1 1 (3.S.2 0}
7*K+ (w-3/a)-i \
and since the smallest. tom Is reached alien n=k v:c nay write-
-  h  f 
(a-v y ) b-'
or,;, alternatively,'
This estimate of the. remainder shows, according to';Jeffreys [14] 
that the expansion given -by expressions • (3*2.5) to (3*2*7) is 
a. valid. asymptotic .expansion* Hence from (3*2*10) and:by applying ; 
Hatson’s lemma to.the'second -integral'of (3*2*1). we have .
D • JkO/a. y . .p \ {3.2.22}
e H - l ■<**) + --., £- . .. . 3c>o.
4
Mow consider-: the case when A,£6 .'••••■.If tho series in powers, of. 
Avli ir}^  , whsi, BP • *• are substituted f or J, ^(1 ± Ir)^  , 
respectively, In (3*1*7) and the resultant integrals evaluated 
• '• asymptotically for large • k, then' the expansion obtained 'will. be 
In terms of; powers of. l/k, each power of 1/k being multiplied' 
by an infinite .series- In powers of X • Clearly,..."the expansion 
. . would only be vallet if these series in X converged, which .
; would be the case if X was sufficiently■small,' say of 0 {l/h) *
It is,however, possible to evaluate (3*1*7) for a much wider 
range of X by replacing the Bessel functions by their respective 
: Taylor scries; about the point z- X ,the arguments of the'.Bessel '
: f unctions being given by ZsXUi ir) • This will oroduce an ;
' asymptotic' expansion in powers of (X/k) vdfch'-ct efficients 
involving J, (X) » 'where
1 ( h )  S= ° / V ) - "  . ( 3 . 2 . 2 3 )
■ and has .the. advantage that it ■ should give nc'c.urate• .results V 
when. X is of ,0(1) * ■ h ,
■ In.{3.1,7) :wo replace the Bessel functions by .the first.terms' 
in their .respective Taylor series, and taking note of the \ ■
comments made in evaluating (3.1.8) and (5*2*1} ,'we (expand the 
rest of the integrand In powers of r to give. ' , \
1  P/O ^  J ( ( h  1& b  #  i f  4  T ( A )  ( e ^ h r ,  3 t > o ,  v . ' (3 , 2.^5
o(x-'i'r) O t - f  J0
■and hence,
P /v  J , Q ) #  2 l i _ _ l X 0 l , a : > O .  ( 3 . 2 . 2 5 )
2 X  (^ *v2) X
. In {3*2i25}; wo - can,;', for small X -replace'the.. Bessel .function :by'-. 
the' first fev terms in Its power series end if. we let■%*o , . 
then .this result reduces to (3*2*22)♦
Tiio e r ro r  t e r n ■.in  the bracke ts  1*1 of .(3 *£ *£6) vis* ;for fast of
and for' large k{p~l) .of Ofl/k51,) •
As -in;Case T, from (3*1*16) andi (3*£*£6)' we. have
d3
1 L 2
* ° ^ ) 1
■Jf ^ W  *.«• J ■»** V  ■**..#. \  ^  W * ^  ^ V-%* -*.V-.V ^  ^  %w V  •*•* ** ' /  *  * s.** •
P.-ivu^-t o,(i)r^^fefr'fexr i - A , ^ x ) A
juf ■*  -i
+ 0 ' h e ^ [ e Z ^ X  ______
Jk 4 ^ ( z + l V  A ^ ■1^9 P9\
.The -first Integral on fci u ight«IiaM side: of:. (3*2.27;) can be 
evaluated if t Is .set to zero in (3*1*£Q), and the second integral 
is. CU Hence '
P,--t X <teA
J+l'K
(3.8.23)
from .(o*i»6wj’. a no, {3#^ #28) It -i.s seen. that
■>. i v-fc 1 + ° w
f? o \
W * 0 © da  * /  J|
ana hence (3*£,2?)f' (3.B•26}''and • {3*2• 29) give
2°i Tl)i)e /*
~j/zV
jxLr'tl / a(f~*) a
)f>'i
(3 « £*ou}
since the second 'term in the brockets I T of (3*2*26)' .cancels' 
with,.the'.second term in .-the. brackets {) of (3*3*39) The error.'
term, in the brackets II of (3.2.30) is of Q{ 1/lcV for/^l and of 
0(l/id) vfpr Targe k(p-l}*
3.3
If the respective asymptotic- expansions for ^x\Hl± lz)\ are 
substituted into {3*1*7), then in the limit as I-> 1c the integrals 
will be divergent* In order to avoid this trouble we.write Q,* 
given.by {3*1*2)p In the fora
X Q  - (S-vi* (X<-V\Av, 3t>o. (3.3.11
aJ0 (|+ X-vl
By comparison with (3*1*3) it is seen that 
o (\+a-rV o { x - < r)
2
■* e
( | « - M  I3-3-2)
where * v arg(r-l) ^  x 
a
For the second integral comprising ©, , we consider a contour 
integration-around arectangle of the form shown in figure 6,
but instead of letting , we ;set Rsl* On using an argument
similar to that used to obtain (3*1*3) we have :
H ^ U yU y =
o ( H r  -  v \  o ( X - - i v )
+  r+e^ 1^ M^P/i+viy,
o
x > o 9 vvher'e - r < arg{r~l )<*v (3*3*3)
'Similarly t we- canwrite.;
1 Q  =  i  ( V * r x > o ,
2 v J2 1,
and hence ‘by consideration -of (5*1*15} V
(eJt,A ± r t  = ■<
o (\-V0C-1y V d ( l - V x - r i v )
(3.3*4)
~  2m 
€ /* ^ ( y y i ’k \ A
o (i-v X — -t v)
, *>o,
/here .-"■**arg(r-i) .' (3*3.5)
For the-other Integral comprising Q we onee again consider- a
finite contour, consisting this ©time' of a.rectangle of the form
shown- in figure 7, with. B-I,- ©to give '
fe^ShiiLxlh h 'IVw U v ^  'e^(ikhi-iv),/2eav)^
o (i-VX-VvV O (2 -v ft — -t
je^ ' r - U t #  w [;}n<-e*h\A
e (\-\ X- -t vV
+ € J e ^ h  v.-jV©)- ^(v-i^Av , X^n,
 ^ ( l-vl (O * 3 * Q)
Therefore from {3.3*1} to {3*3.6) and {3*1*6} we obtain 
K  ■$* * * *  ■ . ... ^
U-iyV^ iFfof H -i vl^ Ay +1$ fe^’V^lkixfcr,(Pye%Ai
► ‘('DC— tvV Jo ( A + X - i v )
4 g(H * V ^ y/i(u-ivV^v^Aii^aVVv4  ^  p V^t-ivf \\{"iyJ/>)A
X  4> ( x  -  -Cv} 2  \ ( H x -  t v \  ::
7 -l (l-^+x-v) 0 (2 + x ©«{yV
+ <$(«*?>( u i ^ T.lhi*LU v  4 \- v,)^  A
1 (UX~i\) 2 1  (hXM'r)
4 M .  fe4 v . 4 ^ i J  tA‘P ( 3 ^ ,
2 t■■.'.■ (i-VX-'i^ 2 V0 (\-i-vx * y)
x>.0 •■/,•.■: ■., {3*3*7}
Ihe second Integral cancels with the. seventh and the fourth. .,■•■ '; 
adds ; to-; the/.ninth, nineo ■■■..■./■■
■ g :.-V T .- ■■V3»0*Q}'
Hence , integrals', of the’-.form-.'"
|e#Y Y^ h-4.v# k,(-fccrUY
r (U^-nr}
are produced which may be discarded since the' integrands' contain 
an -exponential decay factor*. The ..sixth;, integral; is - of 0{l/ic} and
will be discarded., since-.-it' is proposed to. ignore terms of Q.{l/ic}
and above* On replacing the Hanker functions by.their- asymptotic
expansions . in the.'remaining integrals obtain-/
( o c - - t ^  'v !^V(x.-~*vv
+  -e ^ ( " ^ - ¥  +  e
o ( 1-vjc - A yV
e (\- i -vr  A y
(\~ -i-Vx-D 'L &
*4
o (l - -t 4r X -V Y )
>  X > Q.
{3 *3 *0}
v;lioro: lt is valid we can. expand the .integrands ---in powers of" x
ana. alwO exp and., the exDOriential functions in all bat the first
-integral, -in'powers of lc{!~£) to give
^  P / y ' ^ ( l + £ U ?  [ i i p f l p m r  4  [ ' i H l c  +  « $ ’ ( A r
O (a -4 v >  A ( i - i v V  i t i - t ^
4 (' Ay .4 ( __Jbt, -.. -4-fe ( [  V feAy - ( J ^ L c
A  (V- v> 2 A (\~-x^ '<y L A(x--iyV A(-X —Iy
r *  1
>(-X iv}
4 € ^ j _ l x _ .  4 #  . 4 ^  f_A*_ . 4 f ^ A
- h a y ^  -l(i--i-vf J '• •
. a / 
4-e/H A y
J ( I - 4  4 - v )
4 ( V A y
o ( l - - i  4 y V
, x> 0
(3.3.10}-
'In' (3*3*10} It; is possible' to ignore terms I of order k (l-£ f*- 
and;.above if k2 (l^ £)x &  l/lu Thin • condition is satisfied If ,
£ -X-l/}:^hence ;l ,must satisfy' the ■•following condition '
V lx
For -the. 'time ab ei&g,'. the error: due. to' expanding In powers- of . x I 
of o (x) * -. ■■•.;
a First of all in:.(5*3*10} .let-:as consider.
( T  — .. Av for Q&o
i l l - i r )  ;
V/e: Isolate.-the dominant:part cf tlilo ;integral, so that •
» : , f . ' *
o ( x - - i r )  -i J. o
M  1 4 - _ t _ n w
- i y ! -tv I
- 2-i -v 2L ( A y
A  A y 1'1 (x - Ar)
and then let r«xv, to..-give.
i */x
f A v ~ 2 i [ rU;
A  ( x - i y I J ( Im  v )
rv/
oop*.
JC'k C , l ,
(...r./.lAs. - 2i + 0(x',1'l) X>D. (3.3.11)
oCx-ivV
Similarlyt- we canwrite:. ; ; r; .
( fa  A V ^ A ( T- Ar - A x ( JS—A^L 
4>(3:-A\r) o
~ 2_A -v- 0 {x ) .
: 3 ;v ': > . ; (3.3*12)
For
"’o ‘only need' to consider
j
; since - the integrand'- Is regular ; in . tiie whole’,s-plane,":. cut .-along 
the negative part of.the real axis,; Is taken; to. bo real and' 
positive -on the/positive :part of the ,-rp *1 axis.qKence,.;q
where the .square root of. (2-lr) is .positive.-as r-*+0 *
\
' f */t 'so that after. consideration .of (3*3,15) and 2!' dz we' have •
t r h  = - 2 k n - .  , . . , , ,
/ 3 S 1 (0 *0 ,14)
Similarly v
[ , 4x- , - O - t V H , (3.3.15)
0 ( »“ 1 "V Y )
-V I I -.»■;
y A v r  ( (1- i-vyV^A v- (u iV f  Ajt _
0 (\”A 4 b  o(AT-vxWa
= U . p  - (f2- 1 (\- -if2- o-i)p - -ifA+ o-i
' 3 r-.-. 3 . . .
and finally 
\
{5.3.16)
2 ^ ( W n ^ - €  ^\) (3.3.1?)
•0 (|- -i-s)12
I T ^ W i *  ' ( U
v 2 ^ ¥ , 1f“-j5(l, , 4 M ? } .  (3.s.10)
Therefore: results {3.1,10} and {3,3.11) to {o,3.18) $ 'after.' / 
some ..cancellation, give the following expression-for ;(3.3,10) .
^  ray21, -qK ^  ^
- jL(\4*0 if 1-1) + 0( x'h), ic>o,
s (3.3.1s)
and honeo from this last result and (3.1.14} we 'have.
H?) -ilxog
12
-V - f2 (I '  i )  -fe (1- 0  + .0;^  ( f-O^'
(3.3.20)
B X’ 0.21 ( <0 e 1 e IS )
.... 4 O n
■fe
= : f / 2 ^ .  [  3 A  +  o L L \ 1 .
' t / I
and on using (3.1.22) we'' obtain ;
C  ± I  2 ' V ,  ,-2V ^  $' + O / i X l
aereforo (2.2.2?), (3.3.20).an! (3.3.22) give
rv/
(3.3.21)
(3.3.22)
r Vi / \ / i nc . n v ~ 3/*-W
H  (f-i e e7*
4  2 o-i)k (4c) 4 4 vi,,
2 f C W * T ^ )  ! r M ’t-
U / *T Of \
YwJb.K7/i.LiV'. ■ ’ J ^
The error term in the brackets I ~\ of (3.3.23), is for large k.
of 0(l/ic).
Iix predicting how . a crack will behave it Is. - necessary to possess 
a-detailed knowledge; of .the ..stress .distribution In- a. small ■ region \ • 
surrounding the crack edge (e*f* , [l5]‘ ’a M  "[57] )-• It- lias. been--, 
shown by .Sib/and Loeber ' [T] that- the stress distribution'near'the 
;crack edge is . given by , v.
°dL = -  -L_©t -4- O ^ J 2), (4.1.1)
Pf.y
and' ■ • q . q;
(4.1.2)
where (pt '9 Q%} . are.polar coordinates, '-measured-' from the edge of . 
the crack, Je/need only-consider. tne. scattered .field,' since there 
are. no singularitiesr:m  the: incident field#, k 3 > the -dynamic 
stress intensity factor, is . given by (c#f *. [1.5] ).
r */? f) ^
- ■
' As)
. The next step is to relate ^ z (^)fo) to £{^ ) • On differentiating
(1*4*16) with 'roop;ect...to z wo -obtain
“Fc (4.1.4}
How.-: substitute for ■ A( s)q from '(X#G*4), • to give
e*0 v oO
oq 
92
o o
O
■( 6 o) = - ^ c j sT.(ifU s J T ^(
and honcG, .-from Titchmarsh [1C-1 q :q :///.-"/■ qqq-
%'z r » f*'* : (4.1.6)
Tlioreforo (-4*l-*5)-.raay be’written"
, ^ / ' C  ~ ' A  ^  /(4.1.7}
. -■-/It- can be :deduced :from [f] that :tiis,;oorrecponding;ntatic
-stress intensity factor, 1^ , is/given, by .: .
^3 = (4.1.6)
This :-resuit will "bo- required - Jrter,-; sine e: bin.subsection ~*5' q 
the /variation of .the modulus/ of;/in/H3-,' with the- v;avonumber ■&, q, 
for certain values . of • £ is', shown* q  . ;-:-
4.2 Case I. (k£»I. icil-£ i» 1)<——i ■tMgtrwKttMotni.'g i«C*  iewsm.»«»'iry»v *  ■'*W*Ww«*sewt*a «^ B MiwiWrir.'Miw m im m m iM i
From'' {3*1*34}'. and: (4*1*6) we' have
4  . 2os e * ^
2~ " W ¥ ^
X-ftH+tV- f fi .
e
-a-.#
■( 1 S F V -
- f #  ( (\- i'i ( M i f :
= 2 e ^
-Sw*
-V0
It is seen from page 135 of Brdelyi. [7] that
x'/ l> ( - ‘/a , i
y -*0+ b,A
■Hence'-
4,=q2£^ai2^. j x l  $
ffl2 fV* ( (\- i)lz
+
if ter some - -rather laborious. al gebra we have
^ 3 \\- l\-t2)'/xs^2* t A
Tu W W W * 7 T ? Y /a
(4.2.1)
H - ■ *5 O \: a £j « «^i |
/  /  <"> r? \
"V— ___,___i______________  (oA(lk- T-lh) + S^ U<k(\-i)-r'IU\
tw2^cV( (\- £yi 2(i-c)
— Savv ^ 2 -ft ( -f- 0  (I \ j
2 (uc) I \4:/J (4.2.4)
obtain-numerical- results/for / this case.
,,For-the oase-of r,aa;Incident :-free: torsion; wave the dynamic •'
stress intensity- factor- is -easily.-.found..by..'•talcing-the’• limit
as ,X^o,lnh(4.3.i} •"-■.'Hence
-2lfc . „  > , :
- ■ (4.5.2)
'On dividing ii.3.1.} by-'.- the static, stress 'intensity Tact or 
^3' » ;&iven\by {4.1*8), and -then taking- the modulus we have
• ’ • /  A  *7* ' V
-fe _ V/* p- J
* 3"' f i f k
L \+ _ j _  . ^  (2-g-^/o+o m i
Nj 2 ' ^  1 1. t  •fe vfe/J
and for the ease' of an incident, free torsion wave
> ->• t, i hv) <>*(2 -fe - ■c/o -4- o  m (4.3.4)
6.4  Case I I I ,  (1-1/^ C<1).
"'Inal 1 y, f r oa (5.3. £ 3) a aa (4 -1. 7)
‘  ^  4'^e%;+ # €
3
, w  y;..e-----
y & W F *  A'h (\+t)'b
Hr
T
t - j i
, g_
'fclT' ■*
( 4: e4 e.L )
On;'dividing’;,{4"*4*1) ybyHfche ■•ofc&tie;-'stress' intensity/factor: H.
C:Ivon by (4«iH8) /" ahd'Hthen’'';^  riocluluB xv'e arrive at
ii
M, 2#(i+iU,J 5 % P rW  l-fe
• {4 « 4 }
numerical.results and-discussion . .
;For Z- 0*00 (0*10)1.*00 and * £.=•0 ’-96, the .modulus, .of t h e ■ 
dynamic' stress intensity/ factordivided .by• the ..static..-.. stress, 
intensity, factor, ;is - plotted as -a-, ftmotion'of 1c,;. in figures 8 :
• to - pie. ;euryes ,v?hich possess . an. error of the order given; v, 
in tiie:;appropiats; :anaiytieal expressions are represented - by;.red.
. lines9; >vipreas curves, in.nhicli the error : tej jls more ■ significant 
;:are" represented;' by. green Clines* For -the .purpose of numerical • 
calculation the.black, lines arc to be. ignored*'; This applies to .• 
all the graphs. in • this ? thesis *•... .
’c— \) * uOc f imurc .a . •. "f'jawwM Mffwuwii—n nmmm > ■ tigim.h mi >»» mum *«•* m
flie' dynamic, a tress intensity 'factor,:' for; an . incident-free 
.torsion v^ avo, increases toh33;i above its ' static value, 'whoa
3*3* fhis percentage increase is In close agreement with ina ; 
.result of Sih• andiLoeber' Il]. which is 31,1, pvhsreas the result . 
duo to Mai [3] of .48^  .appears' to be' far too high*- There' is - a • 
small'phase difference between the three' graphs,-. so ' that the 
peaks- occur at marginally- difforent values of k« The second'.
peak in figure 8. la in reasonably. close. agreement ;:with the a;; 
corresponding.peak in * ■
t - Q«1QB figure 9
Obviously, for 2 ^  k^ 10 the conditions on Case XI are satisfied 
and. this is the- case which has been considered#
£= O’SO, figure 10
   '    ' "
The,relevant -, case ■ is Case II. Although Case I is not .valid for 
the smaller values of .k, it does however, for lcs 10, give, a 
' valuerbf |k3/kT5l vrfiich is within-6y-of the corresponding value 
given-by Case XT# 
gs Q«50„ figure 11
For k— 2 we consider Case;-XI and as k increases we; can change 
over to'Case I when k — ?« 9. .
t= 0*4.0. figure 12 A . '
#—>i w —1'>*#>■ twwu w iini i i>« iiwnr«j, ^  m»vrtm rM n a m #
For k— £ we consider Case II and as k increases we can change 
over to Case I wiien k- 5*5.
C = 0»50 ^ figure 15
For k~ 2 :Vie consider Case II and change over to Case I when
k~4-0. There ■ is. very cloee-agreement between Oases I, and II 
for a',fairly wide, range;of k,;, e*g. the two'cases give .results •.,
■ within XA-of'each other for 3*2.< k* 4*2®
' g- 0»G0; figure 14
fe:iiave three .carves-v/hick. .do not Intersect. However,:for-' A 
values of, k; inexcess of 5, 'Case I: should give .accurate results# 
£= 0*70. figure 15 ■
>' ■ww m u  ji n  W W W  tJW m #»  IIW m— iHWIWfmnfrJ
We have two curves which do not intersect# .Case.-1 .is/valid for I; 
the. larger values of k in 2 £ fcs£ 10 and /-Case III is- only valid 
for: 2*00^ k^ 2»;23#-From these observations it appears; that, there 
is a;-,,gap,l between the ranges of -validity of those two.' cases, a
.For. tho smaller values of k, we can consider .Case III and '• for ' 
k^ 4, we . can consider Oaso I. ; There is very close agreement';' 
between these fcwo-nases for ;suite',a vmdearange. in k.
S = 0* 90, figure 17
for 2^:-k^4*6 v;c consider Case III and for k in this range-the - 
error ..-'.is - of, the.-, order given in (4.4.2) but as k increases the A
error term becomes increasingly significant until for k~ 6*3 
the error tern in the brackets [] is of 0(i/k^). id though 
k(l- t ) 4 1, for 2 ^  k ^ 10|jhlE®©is^ surpr-isiflgly close agreement 
'between Cases. I and XII. ;
£ = o *98, f inure 18
The significance;of this value for £ ? is that this is the 
..lowest'' one,--to -two'; places, of decimals, for which Case. Ill is ■ 
valid for all 
£= !•• oo; figure 19
The dynamic stress intensity factor is, once'; again, • an oscillator 
function of the wavenumber it. It is seen that for It>£, is 
loss'them the static stress intensity factor, - which'.confirms.
an observation made by Sih and-;hoebor CH . The' oscillatory.; 
nature of k^'is not obvious in [1] , but there does appear to be 
a phase difference of 0*097t radians between their curve.for. 
Ii^ /H3| and the curve shown In figure 19..For 218 k ■< 4*3, ..the....; 
gradients of the two curves are in close agreement.
A It'appears that quite often, for a particular £ ,; there 'is
a "gap.” between the .two relevant cases# .However,. it • should. • 
ho realised that/unless'£=■0 or 1, it only.requires k to be 
sufficiently: large, :'for,the conditions•'on Case. I to be satisfied 
i*e* for any k - k0' , . -such that -k0(1- I } >>,1 and . kc£»  1,/ then
;0ase X. lS;.-valid for,all k^k^,/Henco, in.Gaoo X, we have - 
succeeded'.In covering the. largest part of. the ,range, .subJect • 
to -the -proviso' that/X- '0,1'*’"
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Section 5
p i t w g i i
Scattorinn coefficient
.S«r Definition in terms of f .,
iw » i»iii—a m  nwmi» n w '» i wj» »i'w »iiwffrtt<*'wi./Mifti<t>i«iii)ia ■ **u ix u t h i * ' mit r .w * ii'H auflpyiHi t wH
■'> -.‘The. definition of the scattering cross section is. given by. ’
Tritcll'ah’d-;'Klbanm Xl7] ;ae the ratio- of the average.'rate ’at .. 
which - energy Es 9 is scattered’ away; from the-obstacle, to the ' ■ 
average.' rate - at -which energy is incident on unit area' normal., -. 
to' the-'direc tion ;of propagation*;. -The above definition is . 
analogous- to that used ,in acoustics and electromagnetism,
{ c*g*■ o.f *•;. [18])«» .
we define-the scattering coefficient Q as■
Q -  ii_> {5.1.1)
h-t
where ‘2 * is ths average ‘rate at which • energy is incident uoon 
the obstacle* In order to derive an expression for the:scattering 
coefficient In terms of f we will adopt tho approach of 
Barratt and Collins.' [4] * ■
■ First of oil we derive ‘ah..expression for the displacement ;
it large distances compared' to., .biu, avalongtiu On introducing
pherioal polar coordinates iis <f> defined by
p' and z~
then (1*0*9) ■■■can..be. written-.ae;
(4) ; „ A  <A *T / ^  ^ , \ —  $  C<r^
an / ^ ><0 - 5X p >), ( i
9 %
Sincer for large E
^ 0  ~  /u c
■ e  x e
{■5.1.2)
(5.1.3)
we have.
k) ’ f '
( R»*)^  ^ f ci(^.RriwOl-f -1 \ i t w \RiCw^J0
A ‘
{ 5 . 1 * 4 )
For ■ the scattered, far field, after mailing the'substitution
, ° W  *
( 5 * 1 * 5 )
vs) , .
Approximate a9\ll96 ) -for large at, ;ue
(s>
bA > )  ^ ---£  -fT
(Jbr (ls.is^<j>) *2,
<1
¥ T a
+e
_ (ft.(? 5 ^ ***.' ^ + 0 41
ai , £>^ 6 TT/2 (S #1 «b)
•From. IrdeLyi fc] or Cop son [3.9] it is seen that the -most' V
' . ’{£) '
. imoortantV cDiitribations to the value of u0(H# <b ;} occur in the
vicinity of points where.. have
stationary values. For the 'moment \/e impose the res trie tion ^ OjT .
'  . - A .
ust i
then . ^ .0.'; • when / ^ s S-w* <f>
- and . ~ 1
Similarly lot  ^4 (I--^ a) ^2"Cc&$
Uiea * o . .s ‘when  ^- - IaA.^  .
But o< :<f>4 £ and ft- [0,co) . , therefore the ' integrand ;of. the Xirst -.'■ 
integral in (5.1.-5)' do on not 'possess a stationary value and its 
.contributiohils -of 0{l/R) which '.may be ignored. Hence, .from the 
." ■ v*^  » lo of station a y phase; applied: to:;-the seccnci integral ■ . :
tp
l
Since the leasing term.Is'' continuous 'for all real ...results 
(5a.r?:)' and :(5rl.8) arc valid for-io^^.
/ The rate at. which' enorgy.. -cresses unit area perpendicular 
to its direction of propagation fe riven by Trutell and. Blb.aum 
[17J asv;..
■(f) —p -t o. r- (f) -*u5t 1
- X  i n e . ^ . I X  iA e 1,
-t^ir -where ue ,, . is the displacement and T^o is the • stress ...vector
.across - an- element" of' the' surface .at .the.- point rf whose .normal
is. in the direction .n. The corresponding average, rate H-; is -■ 
calculated by. using the iefinition given by Barratt and Oollins 
.[41’, which is'
(2k/u )-4 £>t
On carrying -out- the -integration' in (5*1.9) v;o 'have
. RE - -i flh. U.) . (5.1.10)
.The total - energy £ 'transmittod through a surface S is therefore
t *  %:*given oy
E - i w f  i J ( T n. Xj.) . (5.1.11)
s
is the complex conjugate of u.
The normal to the surface element dS is taken in the
of n« It therefore follows that the incident energy
by
r  ,  J u j j \  AS
t)
where ■ '<%■ -', Is -. the •■••incident • tangential'' shear, stress, on
is: the "illuminated" :side7;of :S*::
. From- the. symmetryof' the ■ntr.ess • tensor ■
therefore •.
t  ■# +
and on using (1.2*4) and (1.2*5) we obtain
■h'^e.O 2yp _ — 9 +- Fhs • 3
^  p I
V/i.th the aid of (5*1*13), (5*1.12) may be written
X z \  ) i S -1 Js M  \ f> /
or alternatively
E.=
A AS.
The second term in the integrand of (5.1*14) has only
therefore
direction: 
;8.1s given .
(5*1*12)
S, and
(5.1.13)
o ^  • ■ -WfcS , ,
{5.1.14)
a ,real part
\ *&» * .w 9 /  - WWAV& \4- f  V  #*;« ^  i $ ■ ..»« after performing the
(0.1.15)
4 J  A n  n d Q n  a n  4* f* r\ Q  WfTi, rvKf-rj, < n
Tills last. Integral may "be; evaluated, by. using a "result given 
on'page 29 :of. [30] -to; give-' ' \
- . The average .'rate at which- energy la': scattered away , from the 
crack is equal-to the average rate'at 'which energy is.transmitted 
through a.closed-surface 3, p which is in the elastic material 
and surrounds the - crack*. - h similar argument to that applied In 
obtaining (5*1 #1.1)' gives - that .the--scattered-energy E s - is .
The; average .rate at which" the--energy .of the total field is 
transmitted across the surface S, is zero* since it is assumed 
that-no energy is absorbed by the crack# Therefore
{5.1#16)
{5.1.17}
( 5#1#18}
Also*, the average rate at which the energy of the Incident wave, 
is transmitted acrossgS, is zero*: since, the' incident field has", 
no sources: 'within .vS^-.* :-;Heace;.from.'{5.1 *17) -and {5*1 #18) v;c have
E i = - 1  <^K t % e u e ' 4 r 4 -  ^  • ( 5 . 1 . 1 9 )
' ; S ■ ■ •
- - V- ; yg '/- ■' t ;v„ • - ■ v-. h- .
■Let. - -. : ': ; ' -
( J , - + ' 3 2h  ( 5 . 1 . 2 0 )
is > a)—r ( w )——(-4.' | r .
d|■> j %  * S» (5.1.21)
^ . . V ' • W
and. . ; - .h-: L;: . :, ■ . ah’v .'h; i■
L r  j  ^  ( 5 . 1 . 2 2 )
he can evaluate 3", as by substituting the displacement
component': of the incident field,’: :fgiven, by ■ (5.1.8) and,then using 
(5.i.8): to ^ obtain for. bhr Integral''
i J*’*- ■ .
^  - 2 a )\c uo*fe JlovA(^ e1 —  (
\ Q  0
and on carrying -out the Integration with respect to 9. .we have
. -.; TC ■
%  J L K  i***] J,( *,
y  o
•which for large R may be written asd « w *
—p  l / 3 • . r—- f  . ,  o'!" '  i ' '  ^  [  R t ?  ( .  , r, v . i / .  {T-= 2 -k'-t ucWp-ie jaw k € e f \h(r<yw4)s^ .hi<ui>(>e Al
— ---- (?->.<> L ©
TT
U  • j W  'hi, ,x
55.1.23)
(5.1.24)
■+ e J  A (fea 4>)s^J 4 <-t^ f £
0 .
Tim most important contributIons ao the:value of d%- occur in the 
vicinity of points where *} 4* <* uAp\ 'have •stationary •..•
■values.. .Let
^ -V olC^
then y>((if)^ o’9 v&en tan and .
Similarly let : . '
U 2((f>)?:-7$^ <f>+'<!Cc-l</> , (5.1.25)
then up£)=o } when tan (j>= ~ and - %  .
Hence , by the .principle of stationary'phase
~J,= - Ur-i ^ cix^U ((-■€ * Kf^\ (5.1.26)
; Similarly for ir^  substitute'-from (5*1.4) and (5.1.7) . 
into (5*1 *22) to give,-. after, performing the' integration'.'with' 
..respect to 8
2 ~ K X A J* r VAn ^  iw. (?€ (Afetv\/A\
X ft"*00 o
- i d I
X f (/> €* v
vjhich for large R may bo written as
T „ =  ^ r J 1^  n ,u„-fe jLJa
■ ' jJ'
,% Ce6i €'"'^^SW'*+' ^  <j> + o^£ + - » ) f i s t ^ . f
o
. dCc&4>\ .)(crf4 e 1
and, once again, by applying the principle:of.; stationary phase, 
*.;c obtain v  - "q.v/ ;q. ,
v)^ = - Atit (Ac h Do< (l + g I MA) (5.1.27)
■’:;S|' ■ T  ; ::. . . ■; :■/ S  : ;Sh.;:'.,
■Hence from (5.1.26) and (5.1.27), (5.1.19) is
1 . ® r * M \  T 7 T \  -?•'
L r .  2tioft K f u ^ n A O H e  A(»J (5.1 .2 0)
s  . .  ..
and. since the,last two terms .of combino to' give;-a quantity : ,. 
which . is".wholly/. imagihary ;v^o.;iav©.:.; . .
^ c r - V y O  a >>, U o of- X  /\Q) . (5.1.29)
/ i q
or ;alternativelyfvfrom (le6.4) :■
£ s ~ ~ &£.££-JitH o jj j Y (5.1.30)
A . o' .
On splitting the range of integration into the ranges (0,1) and
[Ipoo } la (5*1*30) ana. -then, for r 6 (0,1),. substituting for f 
from■ (1*6*3) '-we .Have
co
E;~- Kc u j j-lgoj t t ’farUV* M(^) J . O w U A  . (5.1.31)
x J i V c i  J. J
By ■ comparison wit-h (5*1 *16)■ -and on letting r^l+ x in the 
.second -integral ;of (5*1*515'' it is - seen that ■
oo
2 - - k T U^  a M ^o \ . (5*1*32)
The -right-hand side o f {5*1 *52}/;ls in terms of known functions 
since f (1+ x) f / for x > o :9 ''has already been; asymptotically;. ; 
evaluated; in Section ;3 * \ Therefore, we:can.asymptotically . 
.evaluate E s and,, hence' the •scattering; coefficient* ;0nc© again 1 
It is necessary to distinguish three separate cases (c*f* 2*3)*
5*2 Case 1* .'(k £ » X * -  k(l«» £ ) » 1 )
. Since A',' we can replace'the Bessel' function in -.
(5*1*33) by its asynpfeobic '.expansion .to.-give, on talcing the. 
•■most significant t e r n s , - ’A"■ ' v ■■:■ /
\f < pin' J
e
oo
Jfe A
+ ' e ^ +'^:
(5.2.1)
■Hsaoe, on substituting for f, from (3.1.84) we have 
r or i I ^  (f ( '/a ii'fei-** f 2-i-fctxC , - 2 E .  = -  U.U>.q~Up-^^.)T: e J e
1 x W
/a*¥ ^  6 
■2
p A A ,A -fe {ty OxJ A=t+d!l<L^  1PV ‘/j ,-i {?((- tbi^  Ax
>. ■,• Q J
0O
4- £ _____
_ (I_ f *-*- <(Hl)n j
r.t-fewvig T.igd-ni 
\ x >2(y*3\
- 1 i+cVf
p u-
oO
-VfylvAjl
e
(5
As for (3*1«20).it can be shown that
'Obviously,.vthis -last result still -holds' if I is changed, to. -£.•
ie next 'deform' the path of integration• of thersecond
integral in (5*2*3) into • the •••negative ."imaginary axis;'to .obtain
oo oO
(5.2*4)
j'o 'now;use- result. (8)-;©f section; 9*3 of - 7 which.is
OG
jesh? /,(> S*+f •) . (5.2.5)
o P I  l*V Of  • \  \-V S
for &  { |> )>0 9 a and $£ (a) >  to obtain
oo
J r -^'/a ,a = -
o '^(AA.O
.By ..standard methods' it., can' -be shown that ;'
- A e " *  . ,
Jo0c'<Hx+2) 2 #  ()- f V I
(5.2*6) 'and (5*2.7) are .valid' if £ is. changed to « £ *
(o *a • 5)
(5*2*7)
hence' by using {5*2.3}, . (5.2*6); and ■(5*2.7),: (5*2.2) can be
written-as
E - 2 E.-
S 1
3 21 13 r
*-feV 24<lU
u l a i v f 4- 4- It
2 ^ 1  1 Art)
4- X
M t .  . ( K #
4- -tt £ *i  4 - €  V-.
" i A F !1 ( » - 7 2 T ^ .
-,'£(l+t)+jp
(I- t r  (,+ £f f l 5.2.
1 and for large it £ • (5*1*16); can be written :as
: ■: £ . s Aij’n h '/. S | + b'LLYl. (5.2.95
i  V"t’" t A-fc/l
■Therefore' we-have, A;/A;
-<4£?£mk*ik\-c^ \^ (\-t)-*ik\U o h \  
2(^i) 2(1-0 J Uf)
(5.2.10)
On substituting for; f lo, (3*2*30). into. (-5*1 *32}Awe obtain
’ i . oo :■
Es-  2 E .= _  j
+ r d !^ +§ ^ fe(»+x^Th(l+O\Acc + 0/jAl.
%  W > \  (5,o.l)
For :;tho f irst-of ■• these: Integrals 'we can-tlefom the pafcfa'. of v A.A 
integration .into- the' negative, imaginary axis to arrive, at
oO
^  Xot I (5.3*2)
since
oo
.Henoe ■from: (5*3*5). ;. ■ '
r(^/a,H ■fex)4^(\+x)\jUc a  4 0 6  (5 .3.35
o -k
For th^ . scoand integral comprising (5.3.1) wo hmai on
'deforming the path of integration. into" the positive real" axis,
oO , o • o<>
j eK; A H x f  lU tU x A < W  = . |e * (t—i
o P( o (x* 2i)
\ Q h ) (5.3.4)
,/e substitute (5.3.4) and (5.3.3) into (5.3,1) to give
Es- $ £ * +  0  y .
From-(5*l*l), (5*1*16} and (5*3*5) we obtain'
Q-2fl 4- 2i'n)
{5*3*6)
since
i’nb%o)-x-T,a\
and for the',case/of an incident'free torsion wave,we let 91-* o
in '(5*5*6) to ' give
<?’ 2 [v + ^ w ( 3 t '", ) + 0 ( A
(5,3.7)
■ In this' subsection .the .asymptotic. ©valuation;'of the:: 
scattering coefficient!. for 1-1/k. ■ £ i ^  1 is discussed.
'Definition (5*1 #38) relies, on ,f (X*4- x)".being known for, x>o. 
■■This” function, v/as evaluated in section 3*3 subject to the 
requirements of Case III -"and; for x Qco » Eoivever, .'before' an a 
approximation for ■ small; x Was made! the -Hankei; functions in the 
integrals of (3*3.5)' were, replaced ;.by; their .respective asymp totic - ■ 
expansions and as k increases the .accuracy of these expansions' 
improves. Unfortunately,• as k increases,- the■range/of.:t.' 
decreases, :e«g. for k = 2P 0 * 65 ^  £.'& 1 whereas for k =10, : 0*984S'^;1. 
The groat advantage of the:,method used in evaluating (3*3.5) - 
is:that-we can obtain asymptotic.expressions for quantities 
of physical - interest,; which possess . a high , degree of -accuracy,.... 
when k is large and £= 1. However, when €-.1,. the average rate 
at. which energy Is incident, upon 'the crack, is aero, and the*' 
scattering coefficient does not have any.physical interpretation# 
Also, :by-having already asymptotically, evaluated the scattering •
coefficients-for.. .Cases. I and II, vie have succeeded. in covering-
the larger part :of the range' of; iV ■
... 'It: is f o r r e a s o n s  sot out-in the above paragraph and ' , 
because of the difficult analytical' techniques required-that 
it has been 'decided not to. attempt -the -evaluation, of the I 
scattering coefficient for.Gase III...,;"
For 2=0* 0(0*1)0’ 9*. the scattering coefficient A,1s plotted 
as a function of k in figures 80/to 29 «•
£=0*0 and. figures 80 and 21 ^ '<V i
Both'of these are examples of Case XI© 
s- 0»2« figure 88 .
The relevant case .in Gase II® Although Case I is not valid for 
the smaller values of k9 it does however, for the larger values 
of k, give results within a few percent of Case XI# .
g-0‘3. figure 23
For k<6*7 we consider Gase IIr but for 6»7 ^  k ^ 10 the curves 
■corresponding to Oases I and . II are nearly Identical -and it 
appears to be irrelevant which case is considered*
£ =.. 014: „ f x &ur e 2 4
For k^8 wo consider Case IX until lcc^ G'7, then we change over 
to Case I* Between k* 0-7 and lc = 9 the'two cases give results 
which arc within 4>hof each other*
£ = Q*5» figure 25
For-2 ^ lc^ 4. \m consider Gase II and In the vicinity, of k = 4 we 
change over to' Case. I#-. Between lt=4-0 and k = IG*0 the two cases
give results, which are within approximately 3;S of each othor* *? •
' £-0»;6>.^imure'26
For k we consider G&se II until k ^3-49 then.we change' over ■ 
to Case X# The two carves do not cross or touch bat when 
■they-are within 0*75^ of each other* There appears to be a 
**gap51 -between Oases I and II since it is doubtful that Gase I 
will give accurate results unless k^5»0* ■
£=0*7« 0*8,, and 0-9* figures 27. 28*and 29 (resoeetivelv)
-........ .■■■ | if -*- ------------------—  - tnrr*T— i r f  iri 'if"?** ti i.it ii'ir rtn— /rimi i mu n rrn-rririKnTmiiiit" iiiiiiiin.niiMiUi(iiiw>'Mwiiiwnwiiir^ tinio->wi*MiTri r
These are examples of. Gase X and give accurate results for 
sufficiently-large k* .
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DIFFRACTION OF HIGH FiiEjUaSOY TOKSIOirW„VFS 3Y A
■ Section  6
Derivation of the Freuholm integral enaation of the first kind 
G«i Introduction to Chapter/IX
The problem of the diffraction of time. harmonic torsion 
waves, "by an immoveable rigid .disc situated - la anisotropic ■ 
and homogeneous bod,f ' of. infinite' extent,' is considered -in-this 
Chapter# The material experiences only an' angular displacement*' • 
A special case of this problem is similar to the Eeissner- 
•Sagoei problem { [Si] ,128] } ,= which - for high frequencies has.;' 
been solved asymptotically by Thomas TS3] * The corresponding. 
impulsive problem, for small time ranges, has beon considered.' 
by Shall [39] * The- low "frequency and exact solutions of the 
problem'are well-.documented by- Thomas[23] * .
It is proposed-to. solve'the-problem, for high frequencies, 
l*e# for large k and all’physically significant oL , whore k • 
and c* are defined In Chapter i, by adopting the approach used ' 
by Thomas [231 , who obtains a,I? rGCiitOiul 1 iI'l18gra 1 oqua.tion of 
the first kind, which- is'then converted into a Frcdholm integral
equation of the second kind* This integral e 
solved asymptotically, by using a method tha 
[251, C261} has devised to solve problems of , 
diffraction by a circular disc©
anation is 
t Jones ( [241 f 
high frequency
6 »£• Formal at Ion . ■
Tiae equations"of subsections Z and 3 of Section I are 
applicable*. The coordinate system which was adopted in' Chapter , 
I, is again-used* The time dependence of the various field 
quantities, is again taken to be proportional to exp(iu>t) *.
The rigid.disc is taken to occupy that portion of the 
elastic spece s=0 , *
The boundary conditions assumed, are 
%({Vz) - O, 0&f£:\ ,-2 = 10/ (6.2.1)
and hence from (1*3.1) .and (1.5*9) we have
u6 (f.^ = ~ 2±Lo ^  i 0 £ 1 ',^-±0. (6.2.2)
X
AlSO^  sJhldU £ > ~Z-0 |7>| 1a &<?
(S) .  ^ ^ is)
( f ) ' * ) - 0 > P>' Le* ^==0, f y \ ■(6.2*3)
"2>z
(s)
and, as an Chapter J, u ■ must .satisfy a .SommerfelcL type
* • ■ is)radiation condition® u^  must also satisfy an edge condition [38]
6*3 Derivation of the; integral eouatlon ■'■»wiiiMn p 'rwiilwi)i imiiiW M a i i i *»ii i i  « u
Equation (1*2.9) may be written in a different form, i.e,
(6.3.1)
(XmA f6 - 2. • S)
Froia, Orem9s .theorem |j( c ♦£•* Morse and. Feslxbach tS93 ) , ■ we
obtain for the scattered field at a general point ?■= If $9 9z).
in the elastic; space '
U&(f,xUri9s-JL C - ^ (VfJ ) (6.3*8)
where the surface S is taken to be both faces of the disc,
and 2/£ h1 denotes differentiation with respect to the
source coordinates, in the direction,of the normal to S/ ,
pointing into the elastic space. The appropriate Green’s
function, Q(r,;r)is given by 
^ ' --J-fclf.- i'lG*( T * r ) = € (6.3.3)
It- I1 I
In (6.3.8), we set 9-0 , and let r tend to a point on the
surface of the disc. Hence,. after using (6.2.2), we have
• 3r ,
-L- ( (jg .h..^ )(p\o~) QAff p A ft1,
 ^ X* o o ll- I1 ^ L^ -z!
(6 .3 .4 )
Hence, the integral equation which.the problem gives rise to
may be written as
i
O
where
Z“ 04
(f A
.r>z 'Z--O-
md
(6*3*5)
(6.3.6)
^  (fj f' H  J ^  1 - ^  6' B> • (6.3.7)
equation (6*3*5) is a Fredhoim integral e auction' of the first
kind*
'6.4 The transformed fntcj^ai; equation
In this subsection equation (6*3.5) is converted into, 
an integral equation of a more ■.convenient type and in order 
to do this we use the .result
[ VMw, | Yt ^
( %  yfy b'-jflmtlrltP] (Llot)%  Jk,
I  ( x - x 3)'11*
© ( Y X /
ivliiCii as proven jlii [So) . yiwn one axci o& (o.4»x)g (q .o .5)
becomes
I >m /a(
..jL  j j j n t )  jx  ( tl-a? ^  iS-x7)'k] A<c
i
O 4 Y a \
x- c <
(6.4*2)
Figaro 30
Ue take the-'first Integral, in (6*4.2) and .'interchange . the' 
order of integration by considering
token over, the black shaded area, shown in figure 50, - in two. 
different ways* We split the ranges of integration of this ■.
reseated integral in tho following way
. /  >  fv ?.
j AcC ~ j cM* 1 Act ^  J } {6.4*5}
O o o x>
and after 'intorchaaging the order-* of Integration • we have
, v i , ( v ;b) v v “ vr »
(eVc j c W  *  J  ^  •
« n -¥ a \r (6*4*4)
We add the two repeated integrals to obtain 
^(*,0 rr A
J Jit j oW ~ J Ace j cU:. (6.4*5)
t> X
For tho. second repeated, integral in {6.4*2), the. order of
integration may be inverted, if Ira the previous result we sot
r=l, i.e.
^ AX <hx~ ~ J" JUc^  AX.
© x
(6.4*6)
.fherofore, on inverting tho order of integration« (6*4.2)
becomes
<■ /iX\[fr./ iiiWxh/3iVv(M)«L( _-i l k o ^ l .  uuJt(At),
' t A*! Jo 1 w - ^ h 1  ( y - J i
O
Ye define a new function H by tho relationship
i
m ) = ^ ( w ) c U ,  t 6 . \ j  ( 6 > 4
hence
i"
-L A. (t) ~ J-AL ( ^(u) Au
k /AAr k A\r •Ak t Jk ^
I’lie edge condition D3£fl reuuires <^ (^>) to be no more 
bingul&r than •(!-^) Aas jo1 and 11enoq II(p) musthe 
proportional to (1~ as * Further, since P'lf*} is
bounded at p=0,# (p)' lo bounded at |0=o «, Tlioroforo, on 
carrying out the; integration we have
-L.A. J^fk)---L^(V). (e0£
k At t
lYe use. this last result to ro«write (6*4.8) as
k (x v  - 'J \  V* (i ^  t {±^.<l  j /do  ^ . (g.4
We modify this formula by integrating by parts, in such a
It*
k(3f) * - C t W f c f l ' '
,a -  (6*4*14)
X
The first term of (6*4*14) vanishes because-of the behaviour 
of the Bessel function near i= x, and of ^(t) near t * 1 • Hence
the last line becomes
.1
k a )  = ~# [ U{lr)Ak. {6 .4 .1 5 )
4  V'S^yk
with the aid of this last- result (6*4*7 ). becomes 
b |
«  i. f ( t. »/a -fe t 4  ^ )l/; w  ( t.0. h  ( ^ t i h t w -  
UrL-i Ji }\r-x^k
-  < f x . g M i s f l  t /dt) -  - £ *„  x  pv),
O (tiFz, Jx (p.**)* \
O < Y ^  \. (6*4*16)
’e interchange the order of integration in the second term on
the left-hand side and this gives
h a _  [ (XwJjhs^ ± \ a «  h-uM d 1- ^  t /ertut 
w aL-l (W-x5)^ Jx a»*>yv
- -t ( t //(Celt ( i X./! \±(ylr^ P led! = -Lu.07 l()v)l
Jo I  l i w P  (,l- x2)'i J ^
In  t l ie  second term on the  le f t - h a n d  s ide  o f  (8*4*1?) we
let xs tcos9 ; 'then 
t
*/x
(r- xlV,+
= (r-fcWef8-^ sw!ke A
now from doxies [B8] vie have'
*/a
f  J ("z 5 ^  (^ * Sa^ .9^  ^ 9  ^9 <?l9
X  V«Vs A-WaV-\/a +V
(6,4.18)
'l
T ( 2 ^ e \ X  M * z- 7 . ^ f 1] ^ * ' e c J >e M l 
f *  + (^-z^eyhiya
when ^X>~;V* £ 3?(X ~l)» %v> -£• Therefore we let l=o
jX- ~h9 V- £,2s.kt and g*kr In the above result so that' 
t */a
Atzr(7^f^9)T0(-Hs^ e)sw9a9. (6*4el9} 
So ((rZ~062Y^ ( y - x2)‘/4 i>
From this result It is obvious that we can interchange the ’
roles r and t* hence
fX;^  (C- XZ)H 7y Vfe( X - ~ (Thfe (yl; _______
o 1 (ir2-x*)%  (>-x‘)* J0 (vi x-)'1'! ’* (t^ -x2^
Therefore;: (6*4*17)' oan be written as.•.
X  i. f (1,/JilhaiiFl^ (X,, |iiii££lb Kg-Ufc
«WlJ0 (y-x?)'^  1  1 (t*- x2)Vlf
. (6 .4 .2 0 )
i r
- -i ft Y-X2V2,i X/,X ( I-X2V2t t  = _ i-unJ () y1o4 fi I,
o J0 ( v * ~ x i ) *   ( t - x W  J  1
(6.4,SI)
and on' inverting the order of integration in the second term
on.the left-hand side we have
•$ a
AvL
;K ( H *
( T ^ T F
( V ^ f ^ - x X M b ~ - ,Pi Yi l
7 c can re-wrlbo equation (6 #4 *12) a s
whore
% (j-x)* ° iJ-xy*
Since
(6,4.22)
(6.4.23)
(6.4.24)
X  i L  [ X  (7i\x) <Am, (6.4.25)
o
we have, on integrating equation ( "j e a c.■i v >} t x uii respect to f>
J  T l i / ^ l f g . z * ,,). M l (x)Xoc - Cn -  A  u a ( J , ( X u ) c I m ; (G*a*S6")
i> .({a~x2) 4rA i>
where 0o is an arbitrary constant* he replace the Bessel function
by its trigonometric equivalent to give ” 
f Z! P
(P~y?ixX\(x)&dL = C, - 2ti!L^a (
Ja . ; (pV x f  . l ^ T  4>
How from Fanes L'S8] s if
[ V x ) 6^^4(u)2- X ^ q cU = ^ V ;
Jo {}-*)*
then its solution.is given by
qf^ — 1 X f4f'j'h (x - >jVq cLy,
* Aflf o r ^ - ^ 1
Hence the solution of (6*4.£7)•is
f4 - t 4  ^ 11 1 2 ^ 1  ^
^ (x-4^ - vk il p J(*-tf
From. (6.4*24) wo have
jood-fe (fj X*V^i f a jsi*S,;fe A a) , (6.4.29)
and since X< *i)» ) is known it is seen that it is nov; possible
(6.4.27)
(6.4.2S)
to JJ2Q j.-? Jit t li
5
v r  #■> • •  «*r  
r y  ^  j isf
,z znen amotion
(6.4*29) become!
(cebl-ftd.-z^ DK^ tM -  -i f s a ^ ( t - - z ' l h  U[k'l)Aic= (2r.^i2'Xl-z!2) , 
i (t-^v Jo ((•--#
Jones ['253 and, with this in mind we re-write the last equation
as
i
^  <U: - )^'lxV**-' - Afctft), (6.4.31)
° T T a ^  Jo (t-wfa
so that it will be possible to obtain an integral equation 
which is suitable for high frequencies* {t-s}^ is taken to
be equal to i(s-t)^ a when 2>be We multiply both sides of
(6.4*31) by
(DC-zV^
and integrate with respect to 2 from 0 to xf i.e.
Jo ( x - ^ P  1 ( t - #  .4 fX-zV*
-  (ItQi1 (A. (z^Coi^(X-'Z^\3Z .
(X-zf
Vie interchange the order of integration to give
(6.4.32)
O  4 ( Jf l -Z V^A ( (' - *2-^  J-
=: i^Xl^2) U A  ^  ( X -TgV^  At,
J / -v
( W z F  (t - W 1
(X-zV^ (S.4.33)
How, from C25] we use the results 
x „ ,/. t'A+y*X i fc7 -Jt
(feiik*zztlsi§ a ~%)A*--
i  u--^2 (i--xY?2 J ■$•„■
and
x
^{x--Z^z\ C<& \ -ft (b-zV^ t At r= - VI £<W * - t),
i (x-xY'1 (t --)'k
so that (6*4*33) can be written as
b^ -x^ . x
Ki H(x-OU; + Ki s^(x-t) At
Now
and
W(x-t)Xt =
Konoe (6.4.34) becomes 
i b^-v-x^2
(x-zr
(6.4.34)
(6.4.35)
(6.4.36)
(6.4.37)
On differentiating both sides of (6.4.37) with respect to
«*% A -.-And since
A. ( I ± i  - e ' y ^ ! a (x '6 _ e ^ f) l  (- x’^ ,
.i m TTiJTTjTn j ~ /l')i Jk\Ax J, 'Y
we have
(6.4.38)
?AX,pKrf2i_
h /  l ( i V 1) (F - x Vz) j cUJ0 (x-zV/2
(6.4.39)
Tiie change of variables* x - v2 and t=Jl leads to
{6*4*40)
where a
k'lvi - ( M ha _  ( J* '
1 2/ < U C (J-z)'h
{6.4*41}
The principal value of the integral in (6*4*40) is to be 
taken here and elsewhere* whore necessary*.For large k the . 
dominant contribution will'come from the neighbourhood of the 
principal value* corresponding to the physical situation that 
to a first approximation* the source distribution on the disc 
is determined locally by the incident field* The most significant 
values will bond to occur near the-edge* i.e. near v«l. There* 
the neighbourhood of the principal value is about to move out 
of the interval of integration ( the u) in the numerator 
prevents v= 0 being similarly important)• The' first term 
represents the effect of secondary radiation. Note that as v 
approaches o, both terms in (6.4.40) are approximately of the 
same order of significance.
Mo let z = ta in (6.4.41) to obtain
\ad honee from (6.4.28)* with y = 
v \
4 »  * we have
kJlvUA fkcAfch^jh.i. h  c ^ ^ f t w n ' ^ Ufec"- SudiDuwlcUiib
a |  < v - ^  a n  o W .  H  i
(6.4.43)
whore C is an arbitrary constant.
Section 7 .
The Fre&holm. .integral equation of the second kind
7 #1 Conversion to a Fredholm integral equation of the second kind
. I n  view of the relative significance of the two terms' on
the-, left-hand side of (6*4*40), when k is large* we let 
l
, , (7.1.1)
which may be expressed as-
kfvier^y (7.1.2)
o (  vO -  v )
This is a- solvable singular integral equation; from Mikhlin
1*303 9 it is seen that (7*1*1) has a general solution of the form
. A ih, Wiu. .-itu ^ ) e  ■ s . t ( 7 , 3) 
(7:U3)
where C/ is a constant* 0/ is determined by applying a condition 
at either U-o or u=l * Now k (U3) must bo bounded at • 
therefore
■ \
r ~ ' ,MV"  #W’ (7.1.4)p o V
and hence
By substituting Xor fli to ) from (7.i>0) vm find 'that 
(ih <Au0 (7*1.7}
o (u>-w* ^  Jo(\^T(^yo fcVi (t-wV
and on Inverting the order .of integx’ation we have
(u>i<lu>^  £ ^ <U><tV^ - - e ^ V((\-b/a&,fetrl<(^Afc ( d* <tvo_______(7el.8)
fhe inner integral may be evaluated by letting u^ocVO-t-*2)
f A , JS_. d !l ^>o, o^Ul. (7.1.9)
•1 . ( I -  (LJ-V v )  /  -  tO  ^ f \ - V v ) *
to give
u>-  ) ( V ( ' V J - v t )  ( u v ) ^
Hence
j-Ki [fcit j a n y  V  „.x.xo)
o ( w * ¥ \ ^  Tt (  \a- \ j)  o \: 2 ( t - v v )
and with the aid of (7.1*1) and (7.1.10)* (8.4.40) may be
written'as
IQvU-L pL-V* (/ M ^ J a i L e  *(tA UV  = ^  v) o i v ^  (. {7 .1.11)
t U * v ) J0V t J ( U V )
i/hen (7.1.11) has been solved for K{v), wo can then 
determine k. (io ) from (7.1.6) and hence the whole field.
Equation (7.1.11) differs from (6.4*40) in being a Fredholm
integral equation • of the. oopond Mad* Unfortunately, K(0\v) 
is of such a form that it is impossible "to solve' (7•1*11) by 
iteration-for large k«"It is necessary to transform the integral 
equation into a more suitable form. (Tones {[343 ,1853 ‘and [86] ) 
has succeeded-in transforming the integral equation when the 
incident field is a plane wave. Thomas. [831, by: using; a 
generalised function approach, has transformed til© integral 
equationwhen the incident field is a free torsion wave, and . 
Hewby [511 has considered the problem, of a plane wave at 
oblique incidence*. However, all'- these methods ;rely, very 
heavily on the simple form of the incident field and do not 
seam to be. applicable in this instance. However, Williams [581 
has devised a general method of approach so.that it. becomes 
relatively simple to transform equation (7*1.11) to a form 
which is more amenable to solution. Therefore we let"
kM - (^(J\ (7«i.is)
O (u> - v)
and substitute into (7*1*11) to obtain
kp) + h  +1 (v f  [ M f  k(t)
o w v )  t Iu J  J0rr/ [ J • (w_t) J
-■ffe(tvu). . .
y e .   <U  =  k  ( v l ,  o < v> \ ,
(t+v)
(7.1.13)
i.e.
vo -h I
'/if,. .Vi.,
2 '  J  \
0 (VO — V) ^
Jdb\ k j o j
t/ (Uv))
ett
CO
*?lwJ *1
Uziii— ^ L — r , Oi Vi| .
rr/(Uv<Vw-t) (7.1.14)
Now from Appendix B of [25] we have
f/Li/— dt—  r- S/ki=j) fr(o-0-
vTqt^vlfu-t) M l W l  V v / j *o>o and fc>o. {7*1*15)
Hence
\y t \ |J(°) \ IU / \I”~ ^ (^u>>V\/)XfvHlC fv/)-______ €____ +e_____ el vo
+  -  -L Ij l . ' f  ( ( k t f  k j t t t * 1* ' V M ,61
IkJ ■jvTT/'(m 4vV . t U v / J U J  y y q
Obviously, if if {vo ) satisfies
oO 1
m°V \ (to , \f~ it(u-v) - -i ■fefu-Vv)')
KJv)= H  M e  J _  + e _ _
L (vo-v) (u)4vl J
(7.1.16)
'(7.1.17)
then K2(v) satisfies
06 \f£z\ (7.1,18)
Integral equation ' (7,1 *18)-- is the kind of integral equation ' 
obtained by Jones, which can be'solved approximately when 
k is large, The problem of determining the correct transformation 
reduces to solving equation (7,1,17). This can be done as 
foIIowa|-by considering the problem ofhfindlng a solution" of
in z^o t satisfying the radiation condition and such that 
■ V ( f | 0 ) s : (7
Vfe take as., the Gre©nfs function
( v \  ( ^ -z) C<r$ d - D; (7,1,19)
>2-v A2-*fl o p U &  (9-81) +
I i "■. \ , ..ki\w.
4 edey j "fe ( j^-V p - Iff 6t?4 (£~gO*V (■24-'Z,)“V2^
whose derivative with respect', to s/ vanishes on z-o
V/e apply Green’s theorem in a way anolagotis to that in 
6.3 to obtain
cO 0.K
2 j !o  ~J, f /\g) -  _  I ( ( p r. ( / )  2^ tctA9,'\^'\ceid- Ad A^f
'I 2 c Vo
(7.1.21)
where
f|»)■- / l i !  ( ( Y ^ j  • ( 7 . 1 . 2 2 )
-x=o
Alternatively, the integral-equation may: be written as
00
J i 1’1', (WTjqv^fclelfc --itE UolfW), (7.1.22a)
0 A
where (r;t)’ is defined.by (6*3.7)'.■ Equation- (7,1.22a) ,is of
similar form to 'equation (6*3.5) j hence, by .the same process.
v;e have 
00
o
where
Jw U x(to)\
O I
-i'fe(w-Vv), «*fe.(vo-vK . , (o)
V- —  4 6  Wu)n-JLK fv), (7.1.23)
(U)-V\f) f to — v) 1 ^
- J 7;(w)cU. (7.1.2d)
U>
Thorofore, aftor comparison with (7,1.17) it is seen that
^ ( A - - 2(0 . (7.1.25)
nov;
O^(fi)- -  3-i  »I Ho 1  ( P A  ( 7 . 1 . 2 6 )
I ‘
and’from (7.1*24) we have
i
- i-iAV0W  PpulcU, (7.1.27)
I t
i.e. ^ (vJ) s h - i A ^4 cl
lz
where C is.an arbitrary constant,;
(7 .1 .2 8 )
Ae substitute (7*1.86) Into (7*1*16) to obtain
f  f/ A ^ S w  Jc( U c U
(V-V\J) , (\j-VvO) J
/ Jfa _ . -I'tew .
~ ±  L$l \ e A>w\ Ka(w) e Jlu), 0 6v<\.
* M-vvl 4 '  ^  '(v+3i.
On•deforming'the path of integration into tho negative
(7.1.29)
imaginary axis-we have
e’4 * t0(Uju= *'l% § h ± iJ l s ^  X'iKi-i
I (Vlu)) 0(^ v-'tw)
(7,1.:
where -^4 argu^o and arg(e) -1)^0 * This result is
still valid if we replace «T0 by 1. Hence
^A v)~ 1+dUp I V
'A* vi-^ v
v^(i-ii^e [c-To0 W T op(»--i W|]cSw 
o0«W.--tuA
_  1 V  u  
E \Hvl
Aw
VO (7,1,31)
i f e  let
U /■ \ / vVf^'^v-r v
tc^ rv) - /.,.,v j ^ X Cv); (7 .1 .3 2 )
then
The approximate solution of (7.1.33) for large k 
considered in the next subsection.
-L *Jc (
7,2 Approximate solution for larne 'k
We write (7,1#35) in the form;
A
T(vV= V^ (v) „J, S / J 1 M  X w } (7*S#1)
h J^ Vkvo /
where ■
.
l(vA y * , ? H  ( J ^ - U /:tefeul[c-XOUT\V'-;wffli^ (7,s#i 
1 y
We examine the iterative process
A
"T 'V "T—h * Zl 1 I“  u I
v\s\
where
(7.2.3)
T,fM) = Ul(v), (7.2.4)
and
4  , (, \1
l/v) = -J_ (Uio\_€—  lMciui. (7.2.5)
"ST J0V \-V W  I ( V-V tj)
The presence of the'factor e2^ .  suggests that - the- iterated 
terms .will be of diminishing order of magnitude, for . large k# 
However, a check shows that this is not so* In order•to show 
this it is, necessary -to define three cases, as in subsection
First of all, for Case I M  »k£»l and k(l«* £ )»1), and
since we are'only interested In the leading term,la the
asymptotic expansion1for h,,.we replace the Bessel functions 
in (7.2.2) by the first terms in their, respective asymptotic
exoansiohs ant
J 3-
(\~V V'-
by vOh
(\-V v)
, to give
K.(v) b <*«o felXl ( 2B \\c-c*i(%t-k/j,)\?e
1 -fe V T B B u T tp L  Jo
&£>
where.tho constant 0 has been suitably modified. The
{7.2*6}
trigonometric function can be replaced, by exponential functions
to,give
k,m)^ itEUoe1 */ 2 
' 0.2,2 /
v’/ i r
t (l + v H ^ C
00 r
u)
+ i «
2
Hence
k , M ~  £ * . .  t i N  K c - « < W k i S £ l »  * « ^ l l
W 7 11 (»+vW.- m o - #  («+f1b L
(7.3.7)
,V£ [0,13.
(7 .2 .8 )
'or Case II (o&t^ l/k); we replaco doty (l-lu> )\ by the
(7*8*9)
first tom in its Taylor series, to gii*e
oO p oO / .
K(v) ^  uu0 g j H ’h c - T - ^ ^ ^ A w  +T0(» |e*°J*A,
a* o + v u  o o
.Hence
-3?t , v  eto,!}. (7*8#10)
A* O**' ^
A different'.approach'will be adopted for Case III £1)
and since this is considered’in'subsection■■8*4'v/e only 
concern ourselves with. Cases I and II, for the time being*
From results (7.8.8} and (7*8*10) we observe that X2,*«« 
are of increasing order of magnitude near ?eo * Therefore, 
a less direct form of iteration will .-have- to be adopted, so 
that the trouble at the origin can be avoided* lie let
Ifv) - (l±v\^2 ]ji(k) £ 1  ^ At *+• J(vr); .{7*2*11}
\ v / (t - v)
where H, (t) will be-specified shortly and. F is a new''..unknown,
and substitute expression (7.8*11) into (7.8.1) to obtain
Mow
|k ■= (f|-wV2 ■ ,(7.2,13)
/(v-Vvol •'0(V'^ o J0V 10 /(’vAyVt-j
. and from Appendix B of C25I we have
I CO D
f fi- o f  i}lS «  e2^ ' ^  =-* [u.(rte2i' \l^\fm-y)-(\^f) At.
o' VO Ifa+Ji - 0 (t-U>) 0 (t-V>/\.' H  t I \V I J
(7.2.14)
On using this result (7*2*12) becomes
TfvW W p A - ( k a f
‘ l v  1 i  I tt-v) (Uvll
{7.2.15)
OO - | | .
+ f (W\f  K ^ e 2tfeV^ -  I ( A-vAaT (0  € A.o .
1 ( t - v v )  T ( v o - V v )
V/e choose H,(t) so that
( l l  f V *  '^Or'Vv/)) »j / \ / 2 \  - K ' f e v\\\We €____ -v€___   /^ U-r KlJV U v( v ) €  . (7*2*16)
o I (t -v) (t -vv) j vlirv I
Integral equation (7*2*16) has been considered by tfonos {0341
and [351} and its solution is
' K f y f ) ^ /—3L_VaVv1Cx^ -el'^'X M^'fxAa€^ (7.2.17)
Ak J0U+xl
li).
where U (x9y) is defined as
frfA.ijw u-xijHll-fecOxrfr1^ - w  . (7.2.18)
(x' -$)
Hence* with this choice of Hj.f (7*2*15) reduces to
T(m \- k^fvU ' (n-w\ tivo, (7.2.19)
X  v 0 \ \-V u>/ ( W 4 v )
whore .
OO
/l ^  f,\ -.Ji-fet 
(t
The value of v in the integral for h2{v) causes no trouble
kjv)= (fhdllBilkli51 (7.3.20)
J, "  f(4v)
■ 1
since v^ 1 and t>l» The factor .{t~l)y suggests that h_ willd
be email or than %  by a factor of k^2 and therefore smaller
than provided that th© difference between the orders of
magnitude-of %  and is not too large* This indicates that
the. above process reduces the size of the known tom* We.
formulate the iteration scheme 1=21 * where
oo
f - h f ) * ! V* m ,  » l  , ( 7 . 2 . 2 1 )
1 v 1 i  a-v)
( l a ^ W p ^ € ^ T C - T 0p)+T(>^‘]) rs^ o (7.2.22)
i l «  ^ j >(_2L_\/2kv( x ) e M ftU ,y W U ,« > y| (7 . 2 . s5)
■4* -llkxl
and
;* discussion of the error ceased in stopping the iteration 
.scheme-will be found in the next subsection*
It is ■ necessary, to check that is smaller* by* a factor 
of 0(k-1) than hn^  and similarly for Hn* V/e assume that hntf.) 
is regular for -1 of the complex J-plane and that hn{ j* )£I
as in that region* where M is a positive constant®
We consider .
where the contour Cg is shown in figure 31*
j*-piano
The contour is indented at the origin and 
below the simple pole at gf -yv
Figure 31
l i e n e e
0\ »-U\€ I
I ”  W l ^ f )  1
4- < 4  U x i ^ | Zhj--ijc)€*XLia: e^)
T ilU-ipc./ ( ^2) 1oo
« -« i *  A  u i  k1 W -  < ’« an,(
TC VWy) J. (
The first integral on the left-hand side tends to zero as 
R tends to infinity® In the second integral we replace the 
Hanicel functions by , modified Bessel functions, by using the 
relationship
-  v*lz
Ti Mv (ie^2) = - 2 e 2 .
The quantity on the right-hand side can be substantially 
modified by using the "Wronskian relationship
n f c - W ^ V  * i _ .
**7'
Therefore
v;here «7r/E^ arg{l~ix}^0. (7.S.E5)
In order to evaluate (7.2*35) asymptotically we use the 
formula
[e^k - W  , *£( n-vt± ^ )>0,
K ” r^+3/j) 2*-"
(7,2.26)
and we note that ‘the.main contribution comes from a
neighbourhood of the origin* provided that h does notn
depend exponentially on Ic# Thus, so long as fcy^l* the integral 
in (7*2*25) Is asymptotically
o©
kVo)| ^^ K,(-fex)Tp(-fe^ - '| k0(-fea:)!, (4 ^  e ^  ,
<=>
when only the dominant terms are retained* Hence after using 
{7*3.36} we-obtain-
when ky»l*
For ky»I, the Bessel functions in (7*2*7) can he replaced 
by their asymptotic expansions to give
^  c " 2 Ki ^
6eA("k>j-3*/p» 3_£bv\
' V '
+ g ** * di_ o) - Vv^ ol^ Caif-fe^ - ^Ik) + 0  / VO|.
7 7 0 *  ib^ v -feJ»
*7o let
then
(7*2*28}
(7*2*89)
^  ^  A,° W f^ T  l v F /■a I
(7.8.30)
It can be seen from (7.2*24) that hn+v(v) has those
properties of hn(v) which were used in deduoing (7*2.80), Hence
there is a similar formula for Hn+}, Since h (^v) has those
properties it follows, by induction, that (7*2.30) is-valid
for all a* .Also, the dominant contribution of {7*2*30) to 
hn+1(v), £or large k is of 0(hn,o^~^5 » Thus-in the relevant 
range, hn+j la smaller than hn{v) by a factor of Dtk"*1) and 
hence, by (7*3*30) Ha+ (^v} is smaller than Hn(v) by a 
similar factor* Therefore ..the 'iteration,scheme is suitable 
for large k. .
7.3 Uniqueness
In this subsection the problem of the uniqueness of
solutions of the integral equation for the sound-soft disc,
(6.4*40) , is discussed* The integral equation is 
f m , \C^ *fc(iaAv)j vo K, (u>) 1 'C -v € t ~ K ( v), ( /.a.1)
o I (vj-vv) - (u-*^) »
(o)
where K (v) is determined by the incident field* We have
i
 ? !  ( ^ /a - (v-\-£ (7.3,8)
T  - hv/-U
and
IftvH kwM . > i i * -
q u ^ i ^ t u v )
(7.3.3)
from (7*1*6) and (7*1*11) respectively*
It is. easy to show that if K is any bounded solution of 
(7*3.3), then X  defined by (7*3*2) satisfies (7*3*1)* However, 
from (7.1*1) any appropriate field gives a Kt i.e. .
kYv/)= fio^/W) e 1^  htoj (7.3.4)
o ( U) — v)
which is bounded.and satisfies (7.3*3).Thus there is 
equivalence between (7.3.1) and (7.3.3) for the types of 
solution under consideration. Therefore it Is sufficient to
show that (7*3*3) possesses a unique solution.
)i (u ) is continuous in u> ^  I s (7 .8 *4) shows that K{v 5 
is bounded and continuous in CUtr^l. Near ?=-0
7
X(\f)~ M(o) j O Q \  (7.3.5)
o (to- v)
where 1. Hence
(Cfv)*= k (oYvXg f^/v^ O(t)} (7.3.6)
and therefore K is bounded and continuous at v=o* Hear v = X 
K(kJ)~ (K{\-kJ) ^  (7.3.7)
and so
kfv)^  ^  j J vjl^ A vo-vO(\) - 0(v)# (7.3.8)
u^(to-v)
since
1 \ '/
U)/2 (I- ioY 1 Au> ■=>, (7.3.9)
o (10 - v)
which differs from the. given’integral by 0(1).
A solution of (7.3.3) is required in which K(v) is 
continuous in Odv^i. Suppose there are two such solutions of 
(7*3.3). Than the difference K0(v) is of the same type and 
satisfies .
k  (v)=_ v l i i v ( (I- J *  k
U (H \jfX t0^a (U4vj
for v fc? (0,1)* 
(7*3*10)
hence
1
1 t C . U t  4  .y / , , ... l k 0t j  A vo
"K ( i-vv) 1 O VO'2'(w A'NJ^
l,Wvx. I M .
(7*3iU)
< Si-
i.e. after using result (B8) from CS5] * If saxlKn{v)l occurso
at v= vn we have •'
v/
vy^t |K0U  <j\- (7.3.1?,)
If max IKd|=:0 , there is nothing to prove and if max\KD\#o we •
must have v0rO , How as v^o
'k '1C ( v) ~ _ V ^  f Ko ( A vjO D (0 
T JQ a/2 (u>*v)
It
r - v   + o (0,
Lu,,a(u+v) (7.3.13)
where 04 ^ 4 -^ , by the mean value theorem. Hence
tc / v) „ _ i k„(i) ba‘p i  vf  + o (\),
ana
k0Cv) + k'0(^ ) = o(\). (7.3.14)
It follows from (7#3*14) that iCQ{0} = 0* Therefore .max|K0l» 0, 
i *0# ,bhore is at most one solution of (9*3*3) continuous in 
0 1  and' uniqueness has been proved# The corresponding 
problem for the sound hard disc is dealt.with in [33]•"
L similar method may he used to determine the error, caused 
by stopping the' iteration at a certain stage# We denote the 
result of the mth iteration by Kr ^# Then, after the (n-l)th 
iteration -the. error Kn satisfies
K v1/ak .vir,w_ > h l v,
/. . .\Vi U r 1 \
(7'»3#lo)’
( K ( \ + v ) /2 -*0 (w -vv )
where hn is defined by-: (7*2*24)* hn Is bounded and of 0(n^*,J1)
in (0,1)• Therefore
.{7.5*1G}
If |KJ has its maximum at v-yn^o)
ww^lld (vjjs: 0  (jlL-V (7 *3*17 )
I J-
However, if IK^ I has its maximum at v=o then, as v^o ,
+ 2C (t ) =. o(X) by an argument similar to that leading to
(7.3*14) and K^ '5 0, I.e. tho it oration .has come to an exact - 
termination* In both cases we oar* say that the error caused 
by stopping after tho (n-l)th iteration.Is no worse-than 
0 #  Since from {7*5*17).max.IKj^max|hj a more precise 
'bound.for' the error can bo found by using the specific form
7*4 Determination of M
From (7*1*28) and (2.3*18) we have
(7*4*1)
Therefore we can define a new;function 1 (v) given by
I  (vW / \ ^ | W r e 3^ (,r'vV  :
A V  I JD (t--v) (7.4.8)
and hence the condition on n in (7.8*21) can be replaced "by 
the condition n^o, since definitions (7.2*21) and (7.4*2) 
are of a similar form.
.'By using the definition of iD(v)s we can find an 
expression for K.(v) in terns of an infinite series of In(v) *s.
Hence, after reference to (7.1.12) and (7*1.38) it Is seen
that
' / vVl ^
k ( v ) =  _ v _ \  e y  Z(v\ '
Ik  vj fi0 * (7*4*3)
or alternatively froa (7.2.21) and (7.4.2)
■fevl-i 7°,. e___
(t-W) (7.4.4)
To determine' M, f we ■ insert (7.4.4) Into (7.1.6) to obtain
y ,.P.
r VI-uJ JQl v /Cv-vol^ J (i-v) (7*±.j).
uG interchange the order of the summation' and the integrations 
to give
\ / \V2 1*^ VI Tl t t * —2 A "fet .. f /. \Vi j
t-±±\ £ 7  IL-Jv) . ( 7*4 .6)
t U-o/ ^ J0 J \ v  /(v-ioVm-O
and on using a result from dppendi21 Hof [253 we have
A=0
i.e*
00
it.
(7*4.7)
Kro ^ ^ I (t - vO^ J
The significance of (7.4*2) is that the terms corresponding
to n-0 in equations (7*4.4) and (7.4.7) have been obtained 
in the same way as the terms corresponding to n^i# In the 
original derivation by J ones ( [343 and [253 ) they were 
obtained in a special way* The above*modification is due 
to Thomas [23] and it Is seen that this shortens the derivation 
of the iterative solution given by (7*4.7)
Section 8
The angle of rotation* stress coaole and applied torque 
8*1 Definitions . ■
y L  .
We let M be the stress couple hoi ding the rigid disc fixed.
■ Then
o  2 (  2 . p  .■ _
. n*-2r*..e- f[o-vzl Ap, (8.1.1)
n 2.-0 »
and hence from' (6.3,6) -v;o have
t
3 n ^ f c( %k-1!  ^ *t  C 2. .
H  =  -  2~ ,ixc o. € J p r (p) . (8.1.2)
0
We integrate'by parts once and-we use '(6*4,9) which, leads to
I
V/e let
then
i
. f^t ^  - I T T J  f ^  (8.1.5)
0
However, we can replace (8,1.5) by
t
M r -  St M r Ic^v — I  ( J, (8.1*6)
4 ^°.Sw,fJo
At this stage it appears that by defining II in this way we
making
are onlyj^ fche problem longer and more difficult. However,
later on an expression for the scattering coefficient will
i
be derived, and by evaluating J, how, for
1 „ ..V , ~l0 s^in#fW k and we can obtain the scattering
coefficient for Case II, with very little effort.
Expressions (8.1,5) and (8.1,6) contain an arbitrary 
constant since, from (7.1.17) and (7.1,88)9 we have
pO
itisLHc
v- JA o
^>o)-lo0)-VC
«n'^2(vo4->/V
le.   -t- e
L (vO-v) (\^>-w)
do.:- - (8,1,7)
P/e let
^(u>)- bJuL^o [ \ C- J0DV^ (v*>) 
A*
then
n^(w+v)*6 "V e
. (u- v^  (o-v v) -
-(o)
and
u> (\(vo-Vvf) ’4- i.
(to — v) ( VO -V -y/ ]
where
oo
T-lO) f
F f'v) =
--t^ c^o-v) fe(o-vv)”
e -v e
(vo- v) (vo-vH/ y.
cV VO
(8*1,8)
Avo = F (v), 0 4 VZ 1, (8,1.9)
AvO -  P (\r). 0 < V ^  1, (8.1,10)
(8.1.11)
a n d
oo
(v()=Jw J0(Au>)
--t^(vO-v/) . •* u)-V v)
e a- e (8,1.12)
. ( u) -  v 3  ( u)-V v )
Hence it Is obvious that f (u>) and p{u>) satisfy equations of 
similar form to (7,1.1) and (7.1.11), Thor of ore, we can set-up 
an iteration schame which consists of equations of similar form
to (7,2.21) to. (7.2,24)* i.e.
flwf i u q i 2^ 'V"V) ^  ? v\'3y0y
v (t-v)
(8.1.13)
oO
P„CvY= 1-VV| t Ak } V\>/ O ,
^  I e (Ir - vV
whore
(8.1.14)
a - o, (8.1.15)
f I x M Y V ^ . 1 ,  (8.1.16)
At? -^vU x / ;
A
Yvr O (8.1,17)
and '
oO .
evx(^= ff-kii’\1 Eft-iXb)e2'1 l b , w^i, (8 .1 .1 9 )
« b ' ( U M
oO  ^•
SSv)= S*.-i[k)e2x lb, v\^ (. (8.1.20)
1"  "(b^l ;
Therefore v;e. deduce from (7.4.7), (8,1*8) and the last few
lines that
- h M  = 3  S E M e ^ W+±I u f  efe^ T/b-lf  E j Q e ^ lb. (8.1.21)
A=0l xll-rw) {vT/.Ct-w)
and
o  ( > ( w ) ( g j e  U k l e 2" ^  I b j . (8 .1 .2 2 )
vv-^o ^ 1 ^  \ ft’-'0)
It is now convenient to evaluate the constant Cs appearing
in (8.1*8)* The edge condition assumed is that # ( lo) is
1
proportional to (l~w>)&, as ■ vh-*l. Appendix B of [261 suggests 
that we are Justified in assuming
- f f w ) = y A ( l - M ^ + (8.1.23)
ma
— V 0  ^  £ i— ioV2^  (8.1*24)
where
^= 3  (s.1.25)
i
and
cO
v>= 2
OO
-t "fc ( (• . \ - 7 .
e ' e . elk
*\-Q ■* { ^(V-0*
In order to satisfy the edge condition we must ha^e
(6.1.26)
(8.1.27)
For convenience we let
and
»
- J (( U>) \(^ <Au>,
I
J^( (j)) •= J  j>( U)) J w O ,
(8.1.28)
(8.1.29)
so that (8.1.6), with the aid of (8.1.8) and (8*1.27) may be
written as
M - Z2jE±j^ o -tjuw \ 
4 Y  4*o
(8.1.50)
We let the angle of rotation due to the incident fieldjof an;
infinitesimal element of the solid at the origin,be t), which 
given by t) - * (8.1.31)
Also, v/c let
M ■e = y t c l ( t )  -i Vj'); (8.1.32)
then
^(k) =
A
(8.1.33)
<h.
8 = -— (6.1.34)
1 (k! + klV
■=1 - -I'W .... (8.1.35)
aluf)
If thcr stress' couple is written as Mcosuat, the real part
of the ancle of rotation is given by
tj Ct-’.wk -
A
= H (  <£+‘f J tOA(ul+ L),
> c (e.i.36)
'hers
^ = - ill = li.- (6.1.37)
k  ca
A Is trie phase angle between H! and 11«

In tills subsection wa consider the asymptotic evaluation.. 
or y(l and & , having due regard: to ' the • restrictions of Case X
first of 'all* let us evaluate Oj.tv)* How from (8*1«15)
(0«X«19)' we have
CO
e/v)=
i ( t  + v )
which, on.deforming the path of Integration''-into the straight
line joining 1 to 1-ioo , becomes
/  % o o
o (\~ 'X t  -v v)
(8*2.2)
v/e expand the integrand as - a- power, series in t, to give
e,(v) ~ (e^ k'/j S1+ + t ( A _ ± \
( k v )  |  I ■ ' (l-vvl 2 1
+ 1 — L _ --- J .AXdt,
% 2 (\-vv) (U v)
and hence
37T '+ I ± $ _ L  - JL?2* | (Uv) 2 1
(0.2.3)
1 8 .  2 ( » + v >  f | + v )  i U 5
( o
It- can bo deduced from (8.8*4) that 
e (0 = s* £ ^ 2-S j|-4- (s.s.5)
eViL-^ g ^ ' ^ ^ i ^ O n  V) (3 .2 .6 )
s # a  1 it)l
Jt£ ^ Of_l.\l, (0-2-7)2W1 I k% 22% W  i
V o W - s l s I ?  ‘W  -4- Of I 1 )  (C.2.8)
*' j w  i "  ^
■and in a .manner anaLagouo to hn Q {c*f. (7*2*29}) vw define a ' 
function en$Q which,' when n - !*• is .given, by
€ ' ' ^ ' W g § r ° ( f ?r  W 3 '101
In order to express en in terns, of en^- for n>2, we 
consider (0*1.19)"and, after replacing Kn^(t) by an expression 
of similar form to (7*2*50),' (i.e. we replace H,. by En and hn 
by en),--\v/e arrive at
or
CO
■K ,'Ht/ (t^v)
iyO oo
*(€..->< °) \il-\tc\k 4 O f-e„-i \ . 
^IT-mb+v) I2S4 J,tz(UvV I 4 % i
(8.2.11)
Those terms la .the square brackets, containing no casponential
factor, 'give rise to quantities of 0{ajMl/k^ A ) and above, and.
have therefore'been-discarded*
After-.lotting t = 1-v zfi it can be shov/n that 
'ik
oo
and
b (b-+v) v
OO
f (b-O^ gU- - S_ SI+J_v - (l-vvV^  1.
-* L 2 1 1 A ip- 1 1  J
(8.2.12)
I b2(b-vv) "V* ' 2
Also, by (Jeforning the real axis fro.ti 1 to oo into the
straight line joining 1 to l-it>° , «o have
(8.2.13)
J ( la l
J. . i \',
\k-2i&b.. e' ' e (b\db- e 
Vd+tf bb-vv) ^
and hence
• -2,-fe-S
^ { ^ S d h i M i
0 (2-1 b) (l-v v-it)
(8.2.14)
±\ /.b-J (O^Ur-e ^ ' y  €,„(0 \ | +  0 ( n )  . (8.2.1S)
li-vb/q-^ v) & F W 2 (\ +v)i '4/.j
Therefore (8.2.4) becomes
€J (,+v^ "  — - 0+v fa + O / e ^ V
8k1'2# 2 (Ia-v ) I k T  128-icV ' 2 1 V
(8.2.16)
From (8«S*16j it oan'be deduced that
- l ~ \ ^ M f k m ¥
4(0-€ , 'IX-A- ea<* ~ ^ € (0_q«^/i-ff\+O/«SciY(8.s.i8}
ft / 2 2 ^ #  256^ v2^ / V4% )
0 -v fi ( 0 - _ i ^ ( e ) +  O/« a^ \ , (8.2.19)
I^MF* '"' io2i+-Vr v F 5'
■e'fo)- ■£ e2^  % £ (0-1- ^ g.. Ao\ 4-0 /€»-i -V (8.2.so)
- f f  2 X f s ¥  U * ) ’
and
€ = - i €  -t- g.2.^l l  € (oV-^  0  (j>h ■ (8.2.21)
uje rrxp n-v v &-* iT u ^ W * ^
Clearly we can replace en b y ' In expressions (8®S«1?) feo
(Q«£»21}« The sign of the third term In (S*h«19) disagrees 
with the sign of the corresponding term in expression (61) of. 
ilo n c s  [£ b ] *
The next step is to evaluate yu, for largo k* .w© let.
From (SeSeES) and we have* for n=q,
a '71
"(8.2 •24)
T ~ (t~'Y
and on deforming the path of integration in the usual way, we
obtain
(?6
T . 0
For large k we write
= 'i5 f (Unbf1 ^U:.
b,/s-
% oo
txs i5 (e^fc b A -  -t b -<- bz-t- -1 fc~A^ Ur
° t A 2 8 16 I
and hence
/*
-H r
-
° ~ ^ P
I - -< + 3 -+ 1 -t-O/J \
U  3 #  l2S-fe5 U v
(3.2,25)
(8.2.26)
(8.2.27)
i»ow consider (8.2.23) for a^l. After replacing Kn(fc) by an
expression of similar form to (7.2.30), v;e have
M rv£_ i/_b_V6(t)-^— !—  . >(« --»)* ■+c\^Jo)l€ ■+■ i)t
r " v  j b ^ l t ^ M u b J  n 'D 128-feb SJ
and after deforming the path of integration into the straight
if 2^ 1*. 2vfet:
<At,
line joining 1 to l«ioo for those integrals whose integrands
«®Plkhcontain a factor of e *• s we arrive at
On expanding ea(l-itj as a Taylor scries the first integral
oO
can be written as
r ft-+ ? T e a t o e „ ( i - i k U t = r . r ^  [ e  ( o T ^ V i t  + - i S i . *  M l - V n r t  (e 2 t t t t yU t  
~  ^  l k *  *  ] j -
J-WfO-JLe1
S ? ^ L
e (>)•+ a_ S_i_t(0- e'cA
- _ 3 _ j j e
3 2 A T lb (8.2.29)
By putting V s -1 in (8.2.12) and (8.2,13) vie obtain
A  k
COr
M t - 0yfr
— r .
CO
cUr , - X  T77~ofc ^
-{ fc^M'
For large k, we approximate the third 
hand side of (8*E028) as
integral, on the right*
oO
„o .»-fe t*v2 -fe ",0
Therefore, we have
Similarly for the last integral it can be shown that
oC
_  q r ,'" '¥£(ode*,iW  =e1N
W i r t
-  c\. i h  t  to 
I2.8%2 ’
(8.2.31)
With fclio aid of the last few results, (6.2.26) become: 
-ift+ji
_  € (») +
i+k
)X = £ ___ % e )+ _a_ S-j-e
r  ^ 2 A 12 ft1'2 ' a
-  _3_^e"(\')-_Le'(0+i_2 (>)\+_£z€ /u  -i \_ to)n *\ i / A I „ ws.nl 7x I .. £ W
32-ft U ft
»^ip VftJ )2Sft:
__£_ w  -+ g/€jA
*ft < 2{Tfcft 1 U 3/
Hence from (8#£*&S) and (8,S,32} we have
-1&4- % kn W  ft S-Len)-e;nfl-t 2nv +-e ro 
.^ft ^ ' A  1,0 2• f t
-iftf
)€ + e t + O / L V
K-ft ’ * 2Sbft 1 U*/
: f t
jr { ll/ 5'6'f
i’rom (8.2,17), (8,2.10) and (8.2.5)
$ft 2fti/x 16 ^ 4 #  4 -ft2'2 Iftk)
and from {0*2,21} and (8*2,10) 
e = _ L _  .
,0 128-fe T aF
(8.2.33)
(8.8.53)
(8.2.34)
(8.2.35)
Hence from (8.2.33) to (8.2,35), (8.2.27) and (8.2.5) t o
(0.8,10), v;e have
= e i- _i_ '•+ as.- i
f t '2 ft''2 I 4 f t  3 2 f t2 ( I S f t  j
, f t f t + $  . / , - v f t - ^ r ,  . , ,  , \  0 ' / i  • i, A  A  ■ - 2 - i f t - d -+ £---5, .r8.„....„> l+i_ | 4  + m + ( i - 2  )-< -4e . *
2^ /2 ft6 ^ ^ /2 i.-fc't 2' 4 j, i.Q, ujETPA-ft ft 4 4ft u F ^ ' i
- _£_ . V  g 
xft 2ft"'2
i  /1 •+ i l i - W  _ 3 _  -b— L— l - b  0 / _ L \
sl 32ft) 2 S'( ft 12 8 ft J I#/
which reduces to
/a = _ ^ i T S i_  a .- i l l + i r:;::*+ ^ - g r z * + o p
ft'1 ft1'21 Aft sj/2ft'2 3 2ft1 U'sftftft6 (28ft“ |2S*ft4
(8.2.36)
It caa.be shovm. from this last result that
J X - * k $ k S S \ +  jL-b- _ 1 _ _  €___
( 4ft 32ft »27'Jftf4 128ft .
(8.2.37)
The next quantity to be evaluated is y * V/e .let
oo
V - D  pvia-5 n )
i\r O
where
« ^  f c f.A -2-i-feVV — €_ S„ (Q  e cU: .
t J t1'2 ( fc-0
3.2.38)
(8.8.39)
First of all let us consider s.(v). From (8.1.17) and
(8.1.20), we have
■ f U % T  / n. ahS(v)*
\ { t  -V v4
(8.2.40)
and on deforming the path of integration as for c^ (v), wo
arrive at"
o o
5P(\;W ^
0 (l--t hv)
How for ktz»lp (c.f. Watson [27] )
2  tV  I -
(2S-fe‘
(8.2.41)
■+— ! /l_ _ 2 £ _ \  5^  f-fet + O  /_L_\\.
iis4?2iV) U r n
(3.2.42)
S-fecx
Hence, after replacing the Bessel function in (8.2.41) by its 
asymptotic representation, and then replacing the trigonometric 
functions by their exponential equivalents, wo finally arrive
at
~ -i -ft-
- r 4
(W iv72
u&i-B -'■feO+Sit
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-
8-fec
. o n  '
I o(l--ilr)(M‘t+v) J|m 1:)(!m '(:4 ^  Uf^
(8*2.43)
where only the dominant terms are retained. How
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and similarly .
fe Si+ o uJ£
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Hence
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_^-3g r- (• .S,(v)=€ y e__I l+ 3i _ -t 1
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(8.2.45)
V u  ____ 2 i _ _
W ,2(\4 tr l ^
4- 4
It can be. deduced from (8*2*46) that
5 , M =  r  i r f e o  ’fet]
i-V — Id A.. 1
(8*2*46)
-■<fa+4-v e >
(8.2.47)
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_  - <  'fe'C+rv f
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-fe (1-* I 2^ (»-vt') ‘S-fef 1 W > 1 (0.2.49)
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22,M^zV/u f ?V V f Tx u % )i
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S»)0~ ^ . - d —s N i T f 2 8  LW2(i- \ -+- — d —V'
(e.2,50)
lla-1
5¥(wt) g%i 3 ^ 4 1
£ -  - * S u  _ J i _  -V - d _ - , 2 3 i U O / - L /\l , {8 * 51}
# ( u i Y /21 2 « ( m V  ^t-33'fel I w J  (8— 1)
From (8*2.59) and (8*1*17) we have, for n«'0,
* I (b-if
(8*2.52)
and on- deforming the path' of integration in. the usual way,
vie obtain
V . - i *  J e * W ?  W  t t.-itA  At.
TC o t  ^
>7e replace the Bessel function by (8*8*48), to give 
/ * / ^ ,
° ,.|2?^V(Un.vW
(8.2.53)
I is-
(8.2.54)
Ho%tf vie express the trigonometric functions in terms of
exponential functions, and after further approximation vie
arrive at
0 , - 3 *  S ’*
©Q
e
lP/z
i - J L lL -  jL  fL -V Hir-k^ cM:
.ns-feV'. 6/,-feV S-kl \2%&t 11
■+ e
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(8,2.55)
and hence it can'bo shown-that
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In (8*2.35) we can replace^ ,ja.0 and en by V, P0 and sn
respectively* From (8.2*!7)f (8*2*51) and (8o2.47)
sjO=<l l_, S-^('-2/2)^e
2J,2(4?o/l ^ F F f 2 i 8-fe 32t'/j
-v- €
Z7xh k {l )l^ii+if2 H-&
and: frost (8.2.21) and (8,2.51)
i . . , ________________  .  . ___________________________ , (
f h (Itf21 2S-& }¥h(\-^z
U O
(8.2.57)
(8.2.58)
;,'e con nov; write down V. After reference to (6.2.55), we 
have from (3,2.47), (8.2.40), (8.2.51), (8.2.57), (8.2.49)
and (8.2.58)
V= i ! i— a  — :_q 4-
8$t mfeY
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toilet
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We let
oO
A ( $ - 2  W ( ^Ai (SeB.60)
m-o
then from .( S o l •28) end (7*4*7) we deduce that 
ifliif)- {EjJ)e (e " T/^^s-uv^Aw (kd)
n *i u> *i j/2 (\~u>y/z { m  ( t . w )
(8.2.61)
It Is necessary to consider two casesc when n- 0 and when n> 0
First of all for n= 0, we have from (8.1.15) 
■
tft (4) r (T^lOiUv^U^^I (d f(^2((r-0&g dJt.
© K o vd^2 J (b-u^
(8.2*62)
The first Integral ia equal to
 ^1 ~ T0(-fe
For the inner integral in (8.8.62)„ we deform the path c:
.ntegration into the straight line joining 1 to 1-ioo , so that
V/e cannot replace, t by zero in the; denominator5 since
vanishes at the edge of the disc ^ 1. However, let us consider
CO
-  -feb .. 
e c\k
o ( \j~ \ b)
for f > «1 and
UO'u
I w  4 [eu | t M V ' a ,
( v -  i  t )  O
and on interchanging the order of integration we arrive at
OC5
oo
^ r f i q f i W  r u,v ,
Jo ( u + ^ r
which gives, after setting a#t=x, /
0° r CO
r 4 r(U6)e^v [ ^ i f L m e .
o ( V -  A b) ^  X
Therefore we let v-l«u>$ and we let |S take the values 1/8*
(8.2.64)
3/2 and 5/8? so that
DO ,, n OO
] h ± A ' ? * i k  f f i ^ J
• (b-io) 2 % W  1
(8.2.62)'becomes
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4t 32 6
(8.2.65)
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(8.2.66)
and on inverting the order of integration, we .have..
. op t . ,
\Qj ( tfl ~ ^ 1- *T0 (-fejfw ~V t \€  ^I- 2± -V" \5— 7 cit ('C J. f“feoSUy^ )luJ
-few4. ^ j F m  4 t 32bd |jVi-dB
(8.3.67)
We use the Integral representation
so that We write the inner' integral as
I , * ]
( dwk
ksAuAu    c^, (8.2,69)
Jow'2( l * e r 2 *w o iu > /z 0-u>V/2
on inverting the order of integration. Since t'^k 
O^sin/^k^ we deform tile path of integration into the 
straight lines joining 1 to 14- ioo and the origin to loo 9 to 
give
4(b+As^d’Mu>Q? (V4-fek^ t,4u)u> §f-(b+fed^uVi
€......,_____ . alo -£ p ....'—-i. . Aui4-c e d
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hence, v/g write ( 8*2.67} as. V CO
jit
,^b^ 2 (b4-"fe5vw 4> 6<riuVZ
CPO DO oO
- 4-t _____fyl/b____ __ •_
A J k^ 2( t-V''ferivv^ c^ u.y2 A
i i_ +l£ L sUb
t5^ ( b m % w ^ u f z 37 J-t^ 2 (
 ^ -K
oo
jdk j i t
37.^t^ 2(tX'fe£va<frCcAuf^ \ b (b-v^ SWAt*A uf2
€1 ^ cUr.
' y, t ( b-+ ”&£w\. <f>cet uYW M /
( 8 . 2 . 7 1 )
after discarding terms giving a contribution which is of
higher order, or of the seme order, as the error terra.
OO
r
By using elementary methods v/e show that
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k (t:44iw(j><^ u) 1 ( 8 . 2 . 7 2 )
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(8.2*77)
and for the final integral in (8.2.71) vie deform the path of
integration Into the straight line joining I: to k-ikoo to give
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On using these last few results (8.2.71) becomes
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The next step is to evaluate asymptotically the integrals
in (8.2.79) whose integrands contain an exponential factor.
The integrand is expanded as a power series in sin^f which is
a valid step since O^sin^ k . For the first integral we have 
4*fewv^ t<>4u uzf -1 k vW. ft&CliA ti .
j £____ 04 U (\-t Sva. vj> c<4u) — 1 £\X\
O SA*\{f> c4U
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and hence from the integral representation for Fn(s) given, by
(8.2.68), we have
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t:
*>Y
*  8 (e.s.ei)
J-e-icctu, „ ^ ( l + ^ c ^ u f - j _ s  
oSu- ^ crf>2* ' J -V ^
__   - W *
c> t ■ .
(8.2.82)
f H f . v?2 i/ 1/
j€,.....j-HU-Uv^coiu) -'0(l+^^asS^Vl^l+Si-^c<>jllr-5'lcU
O Sw^yi w ( )
7\
f -t ^  J   . ,
^  Jl ] e W u  ( k r  fin Tf-teU^)^
2 <? 2
(8.8*83)
f , .'k
J ~€ 6<V^ U 2 o(i*V tv^^Cciiu/ -V 6_____  _   I . ^  ? cIaa
0 ^ ( ( 4 - (\-vSw,(^c^uf2 [
"Pr
I/V/ K
2
(8.S.84)
and finally
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For the integral whose integrand does not contain an 
exponential factor,,'we use 3.7.14 from Frdelyi 13619 i.e.
> . T:
pYA(z) ~ P(v4wv4-\) ,v£-2>0 ; (8.8*86)
* r i w o i
so that
>
 cW = P (8,2.87)
O ( l-V~S-Cv\ L 2*
For $ &Q result (4) of section 3*9*3 of [161 shows that
1%. U~</>. (8.2.88)
Hence on using these results (8*8.79) becomes
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v0\ ~V 8 A v)] (X S -V | (h'T/'kiCv.i}—
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>7e next consider the first port of (8.2*61)$ for n^l* How 
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It is obvious from {7*2*16} and subsection 8*1 that we can
write
O O
IE(^U k .* t Uu)r x \ euVfc . (8*2.91)
l(u)-x) (^ + x )  1 M-V X /
We multiply both sides by J^kxsin^l/x, and integrate with
respect to *x from 0 to oo 9 so that after interchanging the
order of integration on the left-hand side we have
0t ( </>)Aa(. C{ VA)
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For the second integral in the brackets ^  we put x = -xf to give
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. - ob(u>-x) X
We close the contour of integration by using a semi-circle 
which occupies that part of the complex x-plane for which 
0^ argx^v * We Indent the contour of integration above the
simple pole at x ~cj . ’The only contribution to the value of the
integral comes from the simple pole at Hence for
Isin^Ul we have
1 _g__ T t (•fexllAv4>)c:W =: ~ Ta € 0, ( 4?v^S-^ ac^ ) (0*2*94} „
->(lJ-3c) * lO
and on using this result (8*2*92) becomes 
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(6*2*95).
fills result lias been obtained by dones [281 * but the alternative 
derivation given here, due to V/.H* Williams, is simpler’and
shorter.
In
7 ' b
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I to
we replace E by an expression of similar form to (7*2*30} to 
give '
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On combining (8.2,95) and (8,2.96) we obtain
In the right-hand side of (8*2*97) we replace the Bessel
function by the integral representation (8*2*68)., so that after
Inverting the order of integration tie have
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(8*2*98)
i*e deform the path of integration of the first of the inner 
Integrals' into the straight line joining 1 to 1-ioo, and the
negative imaginary axis to give
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Hence on using results (8.2.99) to (8.2.101). (8.2.98)
becomes
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since e _ can bo replaced by ic_ (0 J/S to the order, to whichU^O **
(8.2.102) is accurate.
Iiovi9 we consider the second integral of (8.2.81) for nvl.
ue can use an expression for 2n(t)' of similar form to (7*2.30),
for the asymptotic evaluation of this integral, since only the 
range t^ 1 is involved. Hence the asymptotic evaluation of
I e J» Aw I / 1;—1\ e
4  v ^ (v S v  {V Ik t
t , ^ -febA'v  ^ , {
■1^ . (8.3,103)
is required. As before we replace the Bessel function to obtain
j  j
('4,few-r/n . aa , r . f4& 0 -vs^c<*u.w
e J.mnSu^JU := J_ C*&u. Am. £ , d w  . (8.2.104)
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On deforming the path of integration in the usual v/ay v/e
arrive at
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How from (8.2.o£)
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and
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Consequently on using (8*2.105) to (8.2*107),the expression
under consideration is asymptotic to
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when only the terms in the square brackets of (8*2*103), which 
do not involve are taken, v/e deform the path of integration
of the inner integral into the straight line Joining 1 to 1-ios „
so that it becomes equal to
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^Hence that part of (8.2*103) under consideration is asymptotic
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to
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after discarding terns not required
The integrals in the square brackets of (8.2.109) are of 
similar form to the integrals in the square brackets of (8.2.71),
which have already been o\?aluated« Therefore by similar reasoning 
J-^7---- ^ - 3 (l_ X.(MS^.,c^«rV (8.2.110)
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Hence (8.2.109) is asymptotic to
fL f? ^ (O^U I to*\?!l\- ~i et,(\) V t n-fUw^ viuf
°fu u^^oiu^L i ^ 1  ^ A-'fefi-Sw.^ v^  (i-1
i'/2
( 1-v5avv tf> tfriu}ft
- 2I+ n y/^ '€>>(0—el(p\ *s2- 1. (l+Vw<|»Cs4 
1 ^ ' ' - K v - c K ^  I 2
v'/sw.)
4 .2^.1 ^ Jo)S ! - - ! « - ( cUv
£  £  ( J-
after replacing D by i en{Q} /O'n
The-.remaining part of (8*2*103) is
u
 ^f < : ( \ + ° °
zl—. 1 u.
For 10^  1 we have
<>3
\lk
( (t-0 * ^  =_£_S \- (\-^2-\ ,
J, f ( r a  w-.
ana
oO
(._Llr.-_0 ^ c\\- je_ St-_l:w  - .(uvfzl.
o1 ? 2 J
Henoo (8*2*114) becomes
? r Y' -t ftcy-A-SuX^ Coivv) 10 r -
_dL_ \6^u £ U _   ---  )— L _  - \ ( Ao
x M K  L ' l T ? *  l(\-^k 1
I - —L-LO — (\- to) 2 ( d w  I d u
2 j J
By defoimlne the path, of .integration in the usual vt
(8.5.113)
(6.2.114)
(8.2.115)
(8.2.116)
(6.2.117) 
y,v;c have
for the first of the inner integrals
I , r, . . .a « 00
-<$(l-vJwik«4u-V§ (-&U+.U^./>i<4tt)io( Q ,-i 1
2_______  )_1__.-Hdtor-e ’ £--  )£*-HJU
0 J k l(l -Zf- \ { ( w F f  1
-V \e
I' u>W-
S_J   _\l(AoO
l(UoYk i
IN;
* f  ^  ^ * o c
.<*&OArS^ CeAu)~K! f - . \L -hY, ~£f-*fe(U-SUi>^ uW
e * e )i _iiU/J_eT JL+e^ e _j_ JU,
I F?2 2 J 2 p j 2
>/i -°/t ' ri'&li+ul^^Yir. 0. -6- 1 •'
• ■. ..-y ~-e , « \l_ t Ji___ _ ___,.., ..g?___ „ Ui.
4 (i+tw^c^tirL I K&LWi^c&st) (uw^iuy2la.
(8*2*118)
imilarly
e, 5/2 , , vfee U> ( I- to)
-lju, - (\.Jl 1<L»
2 ' j (14r^fk J 2 (
I
- i  f j H j U
2 1 ]
1* {1 4  S W- ^ Co& vi^ — m 
I ____________ * .
2^'lz ( U S v l ^ f
/v -s ■£
(8.2.119)
On using (8.2.116) and (3.2.119), (8.2.117) is eutial to
-t $('+iUv</>c<4u') ( .
€ ) I-ii — 2a ______
4~ (8.2.120)
Therefore from (8.3.102), (8.2.113) ana (8.2.120) it is
ieen that, after some cancellation
Tr
vfL (d) -  L i o U  v a -v_a SJLe (o)-e'(c)l____
* 2-fe 2 * . * jo-
Ce>&v. JLm
S-w, f> Ce4 u )
- -i-£J o) I ■
o( l-V &\sA<j> ,
-  -i &-V- B 
-bit
2n
'K .
im r . f-fk 
* € lO €
r  . id -
VviV 'I'Cciw \^2
______ ( W  Xw u) Qri U du
L
- I  Sw ( Mt
) (l^- .-v
4, 0“S\^$Co&\k) ( \-VSa ^ CxiA *a) J
' r i » ) .-I "I ^ Av\^ C<A( f l^2_ ^'l i
4".............. g._______  ) 3 (\4-^^>c^ u) -J_( l+(t^ t«4u\ I Jm
o (\ - S-oX <j>Cc& of). ( 2 i
.j/l * '/i . ’
■+ si °) \ € (\-fr 1x^4>CMu) tfi&w cu<
0
+    <£ \ £ Cj>& u. c - v ^ A  .
T. z£'h [ '°4 (1+ul^trfwV
K .
-i \f^ r •H i - . r ^ AvlWfC^ SVA ~ -
“V —2'€vf 0)1 g C^u .plu . -g ^  e^ f o\ I € C^U gUl 0  /j^yv \ . 
3,2-k 4 (h 2 25% 4 0* Su^ 4>c^ u  ^^  v^/
(8.2.1S1)
On letting u*-,k —t9 It can bo Bhovm tbat 
»r ^
I Qy^ u cLu — — 1 C&& u Am,
*  (\-lw. <f>Qdu) ^  4  ( \ + %oX ij) CMU^Z
Therefore(o.f* 3.7.14 of 0561)
(8*£«1££)
Also
* . n . I . Kr <{>£«* u 4/21 r r  -
6<r^ u. (\4 S-Uv (b U& m) Am. r*» \C C^iv\ M-V 5 IvdtpCc^ vA L rW
4 (l~ SA^v(i>6jriuY 0 ’ 2 )
= 1 (8.2.1PS)
~ ^%WA(f)C<r?>\A r % _»J2 ^ f __
€ kdu  ^^ (lAriCvs <f>t<y&u) -*• - - _ 2____ (Am  *v/ o J € C<^ ucUv-3 4 ^  (*fe }
© (l-Iw^ C^Ia) ' ' + 0
(8.2.126)
f I^S-Cvs^tciM r 1/2 “/l") ?-*$SA\</>C<siU
I'g (l-V^ Wv(|?Ct^ u) -rd-(WSAXi|>6dAu) 6o4 U- rln. — Ski T.f'KSfU.rfY
i ( i ^ 4 ^ f l  2 1 aJ T
(8.2*127)
r-i'feu,^  ^ j^ fcu^ c<rsu ' x ,
t  £g in^U k., ^  2 Coi\x \ I  -  J L I w , u U r m  J H$Sw.<A-  lL£AXHT(&iC*<f>) JTy$sAri{
{ ( U r U k ^ f  JQ / 2 V A ' ° 1 ^
: (0*2.128)
and
t*
J  €  Cc&u  <ma t\i \ 2  Cd u. A h  t t  w  4  ^^"iRSA^if) j  _ (8*? * 1 ? 9 )
D (1+ iC^ ^ CtAKxf2 o
Hence on using results (8.2.122) to (8.2.129) and on replacing
en o ^  iea(0)/8 in (S.2.I2X)f we obtain
vTLc</»W p 2 i A _
'K $ Zcd1<j>
■g (o^ |-V 4 1 ? ((Sec l) — -i ^I'gCp^-dVoA P (Xccy?)
\ \(?&) 2 2-fet^  ^^  ~  •
(^ rd* y>) 4- j±_ A  n.'Cj0 ~ 0 + 1^'gj °^*4 (^  ^
- 3 €a(0 iCw ^T(-fcivA <|4 - (“fciu ^ j £.
,6/2 Ifeft J
~d~ (3*e A( o)T^ -fe i\^ (£\- f> ]T0(%sv^ 4)
4-fe1 /.
-bO/i*v’
43
(8.2.130)
Therefore from (8.2*130} and (8.2*89) we have
'O-C^ = A c(<f) - 2 p _ _ e l(o) p' (see4)
6+fi
_ViiW2 {8*2.131}
After substituting for 6^(0) and %(!} from (0*2*7) and 
(8.2*5) respectively* we obtain
fa-fes-O^ A- i_(AT(4^»VfevA^T(^^-Tf-fe^tA
” E T i  a& L sW 1 /
. - Ji-fe+S _  
<£..-*'•>,J
32#
since the coefficient of ?ii(socfa) is identically zero.
It now remains to evaluate2 „{^ ). t&ien hc=l>>l there is no 
point in evaluating I a(^)* for 0 <£ sin^^ (c*f * 9*1) *
Therefore from (8,1.29) , (7*4*7) and (8*1.17) we consider.
for 0
|  |  *
LJ5w l a M  = ( + 1  M ' e ^ X  ( ^ i > 4 fetTo(#t)At,
^  0 j IL , A
(8.2.133)
where
oO
(8.2.134)
h'O
The first integral is equal to 
4< I
whereas, for the second integral we deform the path of 
integration of the inner integral in the usual way, so that
OO n. . n -* »°°
J/MAJU
J ,  (t-uA
.Vi
'(U.vo-iV)
(8.2*135)
On replacing the Bessel function by the first few terms in its
asymptotic expansion we have
oc> r QO
] i h i J ' e M T j * m  A 1* : / ! * ; 11 j t i .
i (t-4 iir^tul vasevo-coB
Hr L
S-fet ( i - i t )
dk> (8.2.13S)
whichp after further .approximation:and also replacing the
trigonometric functions by exponential functions, can bo
written as
. ' f c „ l\ ii. .
fh '/i/l, \'t(t-^ ) 2 V W
-t£i-jp r-£o-Olr ,yjz
uS-ftV
+ ±_LU- + e * £.___ _k! \l+ .d - _3___- _L_
sfecl hwio-4 ) I slit Ug-feV <gfe
he use. (8,2*64) to obtain
i • r  ,00
r-i'^u'S-e h*
( t - w )
.-fen-0
+€
«°°
{8*2*137)
~4L
Sftt \2-S#£
I+a __ _ii  _ _ l_ U t (8.2.138)
Therefore, with the aid of this last result and after
interchanging the order;of -Integration . (8*2*135). becomes
2 Ai f< P , i M + 1 i5
-fct A  (-fed\V2
. CC
-a
V~_±_ - _ i -+•
&<((r-V-felW 0?% V2^(K%)o ”
* (8,2*139)
/■/ • r, ? I n f /  V "  "fc
X |J±4 e A u + e  - J L _  ~  /.hue A 10
0^ ^  o ti&fh2 l&fcitl 4'*’°'
•Kfl+t)
We-deform the path of integration of the inner integrals, so that
U s d f e 1— ^  =f  1 m ,M ,  + f e f f J, P *,.
Jo M  i J 3 t o - P 1
_ J _ + 3 U l l L
(V±^7r A((rd-fei) 2(ti*fetVA
(2
Hence
2 ^ Jaaw '^.n ((f) r\s A  ”T  4   — -
4  4  2ihih(^iSk
r-ifc-S
1— j±.
8# i28fe'Vj Jt'
O O f*0 CK>
   + J_ I , ,U: 4- 3 At:
k ( frfci Ml-;,1(UAif5 32 Ifc-fet / p(U-ft-P
fc(i-0 -RlKl 'fed-A
3jp 7-4 lL 
4_L6^ € (U
2 J t3/1 (t+-Ms/2
JLL
11 sfct J\J,!(\r-h)',Z
AO+i)
oO co
+ i  11 A- _d- \ (-jy.. 4 -1
-^'/2 g2
At 2 [ At 1Tkwi^w i
4 J_£ 
2
A. -At
t3/? a - W a
(8
*8(1+0
after discarding terms which do not make a significant
contribution.
.2.140)
At
-d
.2.141)
By using elementary methods we show that
■fcll-c)
Results (S.2.142) to (8.2.145) are still,valid if vie replace t
by - 1 X Also, by deforming the path of integration into the
straight line joining k(l- I ) to k(l-£ )(l~ioo) we have
7 e \ u  ji.
J t3'2((-+AP 4'1 4Vl( l -P  J H -n tf \ (H  ( M U *  '
te(t-t) 1 1
--ttHV-O-g
P 4 l/2(\-P
AJt
(8.2.146)
and in a similar manner we show that
O O  ,f -it it +
e Ac ^  e ________
J W J(t--fccVfc
V
Hence after a little algebra we have, for (8*2.141)
i p )  = j_7,(-fetU — 4 
A  At .
(8.2.147)
-2ce.  s_ -+_1_/ 3
. At I (i-tv2 sAt
- s o - c f i . j V
d-O^I I2S&V
*
a-if (i-#)l ^ f v T f 2
+ 2 i 1^ C+^ ) I-  I ' _ J_ 13 -2(1+ it- _ l _  \ +  | (ISAl+O+ct- 2 S ( l+ P
Ac I (i+tr s-fet V (i+O*/ 12s#Av
Finally, in order to evaluate It n asymptotically, for n ^ 1
vm can replace a  and e in (8.2*130) by 1  „ and s„ respectively,n n n n
since this equation was determined independently of the 
particular form of the incident field. How
3. Xw, p7/,(icc^=_ I (8.2.149)
A W
and
J L J P  y.ii2(Scc4) - _3_ (8.2.150)
A 4*° 4-A
These last two results are obtained after reference to section 
3.9.2 of [36] . Therefore
J L fc"4  As. fo) +- -i 11 3 s,t o) - 1 S '('o)\ 1 
3 ^ 1  Alit * “ )i
- V jq)-j _ (sjo) +-as>)^4-0(P)
From (8.2.148) and (8.2,151) correct to order Sc”^ 2, we have
l l i )  -  2 lw  " Ip ) + A  A(o)~ j  % > )-€ P /o) + 0 /J _ \
A ,^t> $4-*° ^ 4  p 1#  2tA & F F 2 vF/
”4 -iA -ipj
■ " ' VJ(_
I'
(8.2.152)
We substitute for SjJO) and SjJl) from (8.2.49) and (8.2.47)
respectively8 and we replace ) W  the first few terms
in its asymptotic expansion to give, after some cancellation
e S)_L__ ->. a 21 i-d> i-W-Ls. *
a V M ^ L  SftVl (i-ifl
/ Vi 'It -ikpr . / V? \
+ _ J ___ k 0-iI+iv('-ik1  \ W e __________i____+ 2(totV+ _ L _ \
us#V\ (\-cfi) ' I ■ gfeVl (i+cn
. , 3/j >/, \ „ ,i
•+  -.^  — l _  +i<-(\+^  + _n \+o ij_ \ .
& hJk.$h(\*ti2 128# jJ\ (I-k^ I I#72)] (8.2.153)
It is seen from (0.1.30), (8.2.37), (8.2.59), (8.2.132) and
(8.2.153) that -we are now able to write down the value of M. 
However the algebra involved is rather laborious, so only a 
few intermediate results will be given. On multiplying {8.2.57} 
by (8.2*132), we obtain
jut A \U~J0(jfesw^)W-i— (^   ^\ -
I -|iu $> 1#*$ ' ^sZv^ j
~ ¥ u Z T ~  ^ Vv
+i] V  hi+j M - '
-feik'4-- / \is*l2&* I -ft'sk* )
-  V / ( - #  W«A - 4#u^^(-feiu.^-l(^iud'i- 2feiu?^(-fei04)-l(fcv^
. p ' I
- -fOLi_\l . (8.2*154)
- & s ^ f  / \X.Str-fe -fe$vA</> V-fe^j.l
From this last result it is quite easily shown that
2 1 . ^ . H .  3, „ V i f * *
sd*»f> 2 * 4-& s 5 ^ F z 35%z \2%'? ^
”t 2 \ - -i € x *4-0 L
12S-fe4 I28k -ft4' A ^  l I (8.2.155)
During the remainder of this subsection result (8.2*155) will
be used; however (8.2*154) will be used 'when we consider Case II 
In order to obtain the stress couple iM, holding the rigid disc : 
fixed it only remains to substitute (8.2.59), (8.2*155) and 
(8.2.148) into (8.1.30) to give, after a certain amount of 
manipulation *
W  L h-tf. M * J
- , - __2__ lk(\-d'\\2 (i-tfd ^  V
7^tfk 128 t V  I (l-tV)
■4 J L i3!  [~k— „ -  J 2 - , ,  -v -U  , \ -  3 i  / 1
i W  1[|.# nd?/2 (\-tf2l (oH-fcVAd-#
l/z 3/2 \ - K-VQ
- I *18 (1-0 -H(*&(\- i ) ' ]-fj>_____ * C
\28xft''
+ V ' « L j _ . _  2i — £— j . .
l(i«V2 sfol. o-V'2) W  ( u h /2
- J —  - B - . V  l i l £ |
1^8-feVV ■ U+t) I \2Sr/2 #  \(I+C)
-  IS 
&■ ,\3/x(i+tr2 (utY
+ -II— , U  J i  j _ 1 _ ._14S (w^
o 7 ? N
- i4 *1 ■(* +.J1 "\
e ■ * £. \ + n n
Yh\+I 2 8 r $ .  (1-V.cY
(8.-2,156)
K= U
Ac
From this last equation and (8.1*52) we deduce that
i /, .\Vz'?/2 «/2T. C*. *) (t-1 i 1  (u o V  q .w.(-fe 1 - r;;2_  3 ttA(kl-*.n\l2(\-<2'\,Z- i\\
. (i- vik I sfe I n
 . £,_____ _ S(»-i-ft:f2-v-eH - (i+iYV-^-ftf l-t)}
u h W*(\-efA 1
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O - ^ 2 / m F W { ^ W I
fh \ty*
.2X2-/. -A4 II (l-£7r(l+4)'2^ w)'ft’(3-c),|_ 3cc*/%l-Kltf\)](! - ( (V I
I02(ffe (i-iJV/
+  l‘l 8 (I- £2f2j- I 1+8, 1 (V-tf'l ( 4  5-4^1- c{/2- (1+ff'q I
Va r> Vi
“t___ £ - < (l- + ^ -V ( l-v S-Ovv^-^(
l2S“'fel(.\-£!V!''
(8.2,157)
, I \lz'k \ W =• ( 2 \ k K
X U t 0 -  i2)'12
V-tf+O-viV^crf, {Yt-v/if) _ 3 tu  (-fet - t. / 0  /a (\- sYl
3/2M\-c) <<*
IVli
_ 3 Cci(4?t--KJ of V  (\-4f+ 0+lV \+ \ 2-Vl')/+(l+ tV*\+ (\- O'V (wtV  ^
1291V I (tVY'1
12. ... ,\/z-
4 3 h  b(l-c)1*-\ll\-1.'l)(\-ii2+\\l\-il)\\-i\,l\ ivOj-fc (2-v£>^
i2s5^Wo-?Fi
4"1,4fi4t/->Ui-c -^3s^(fe-FfaVh-ti/+(uiy2'i/>
I ic^L^t I (i-tY^  v
_ i°i S(\-rt/a| + 11*?') 0-0+o+ if1V~5t^ (l-#+ (i+ if2^ _ 0-t^
(8.2.158)
and from these two expressions we can calsulate gg and A
fox* Case I,
Since the asymptotic expressions obtained for jx and A(sin^) 
in subsection 8*2 are independent of t t they are also valid 
fox* the current case.
First of all let us evaluate s^ ( v) • In (8.2.41) we 
approximate F^Ml-it)^ by using the formula
T oh(«-iC\*T0a)^(^tK2.2Ts(>^(^a'- (8.3.1)
Hence for small t
sv 5
s=i
Xn(i-.qV,T(,\U)^TQU^¥VaV7pY|+aH 3^ T nvTo)v
k 21+
(8.3.2)
where J^dit) has been replaced by the first few terms of its 
power series expansion. After further approximation we have
s,f^  ~ il_l# (tVa t \ ^ )_-
(l+v) i  I ui-w) 2  I
. u
+
\ (S 2(l-vv) (l+v\ J -./(l-w) 2.J if. /.
e clt,
(8.3.3)
and hence
’ 'fa - 
5.fvUV  e *  j (i) + i i _ y i , ( m + 1 £  Si oVj.+ ...i—
2 ( W v # L  C 3*l(w.) 2 I 4V  I \8 2(l+v)
I
. . .  j _ r J L U ^ T ^ - 7 2m M +
0-V \r^ I \(l-V^ 2.1
.'V/e deduce from (8*5*43 that ■
S (  \)= ^  fa O W  li lJ,-0)+ OLL_\l,
T ¥ J I 2-fe l-fe 11
(8.3.4)
(8,3.5)
(8.3.6)
(8.3.7)
o-fc3'2 I
(8.3.8)
and
»,o -*■
3
(8.3.9)
For i>„ 5  in {8*2 • S£} we approsimate {i«it as ahove ?
so that
]())+2-f]ip)-7p)\
■fit. (oJ(A) + t n i(}')-tV^7o()V7J>V( + 2^52T())-7< ja+O/lA
48 ■ ..
) w ,
(8.3.10)
Prom (8,S.17), (8.3.9) and (8.3.5)
5 (\) - [ijI- l,z)T(>') 4 4 0
2 I F 1 LSfc 32V
ana from (8.2.SI) and {8.3.9)
5, -  .
,0 128-fe 2 ^
¥11'
(8.3.11)
£3
(8.3.12)
we can now write down x> , sine© in (8*2*33) we can repine© ja. , 
L^in and en by y> » vn and sn respectively* Therefore* we have 
from (8.3.9), -(8*3.5), (8.3.6), (8.3.10), (8.3.11), (8.3.7)
and (8.3.12)
•+ J _  (lj)) 4 i2Ai;oU&>2|T0()'l - T O ^ U  e f a ^ l _ f 7 T ( A ) + 2 4 >  J,oA
32-fcn I I
-V __1 4i8>T,0) - 3oA2p i;0')-T2(>^4toV ')n i(AVT30)\
i i b #  I - ™ (8.3.13)
1'n a similar manner to (8.2,133) we have
r-ifr
+ J _ ( 0 ^ 4 ^ - W \tihxteM l(^ )cVk.
0 I   ^j . i l z i , . ~\'ll J 0ovj)2 ( \  -  t j )'1
(8,3.14)
<vo let
.flf* = jV#( M  J((-feorw^yvo. (8.3.15)
For the inner integral in (8.3*14) we use (0,2.135) and 
'jo ’then replace JQlX(l~it)] by the first three terms of (8.3.2)
to give
C > 8
10)-iiftGV m,(»]
7
+ £  (i  (>U 4>7l(»+2)z
7(>V1lH(AV 2>T,(}^+J£_ (TJA'I 
4fc 3<2t '
4-4'\7l(»4-2>^T0(A')
(8.3.16)
on usixig (8*2.64). Hence on inverting the order of integration
in (8.3,14) we have
* . L
if 4 U f  «i>) 4 1 ^ - 1 1 ^ ^ -
2 x 2^b i^ft 321
1 > L 
- t ^ f c
|e . T,(4u>^»)Au)•
/i
The Inner integral in (8,3.17) has already been evaluated
(8.3*17)
{o,f, (8,2*69) and (8,2,70)), and therefore the lest line
can be written as
Ig)
2tt o
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I hi ^ ( b -V Qri uV2
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32 fa
. oO
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(8.3.18)
Fortunately the integrals in this last expression have
already been evaluated. Therefore on using results (8.2,72) to
(8,2,78) v;e obtain
-r A -5   v , »/,  ^*
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and on using results (8.S.80) to (8.2.87) tlie last line becomes
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In order to obtain an expression for 1 ^ ($) it is only
m cessary to replace £in($), and en by 1. n(^), and sn respectively,n n
in (8.2*150)« Therefore from (8.3.80), (8.3.7) and (8.3,5) 
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V.'e use (8,2,154), (8.3.13) and (8.3.21) in (8.1.30) to
obtain
M = I fe w’ ^  Iferfv
•kA1 ' $ T  ICa ^
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Kesulfc (8,3,22) is found to be invaluable when* in subsection 
9*3* we evaluate the scattering coefficient for Case IX* iJow 
from. {8*3*15)
2. iu>\ 8(it>) s {<-s7 (A^tA 
•R su.(f, o
u)
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and on proceeding to the limit in (8*3*22) we have
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For the oase of an Incident free torsion wave the stress 
couple m , holding the rigid disc fixed is given by
V k - i .
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from. (8.3.24), and (8,1.32)
k. =-
t
(8.3.25)
- fao(V)-707,4 £\l ) ^ 0 )-1 ( M + 0
j V'k''3 (8.3.26)
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and when the incident field is a free torsion wave, we have-
letting X* 0 in the last two expressions
In-c-  1.
R  W ' R ?/2
4 _s__4 o a
sfe3
(8.3.26)
and
K =-2.6 \ i  _ 3 _ ), d > ( 7 $ - r
a a  4 ?  f y W 2
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Hence from these results, (8,1.34), (8.1.35) ana (8.1.37),
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and
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faiien the • incident field takes the form of a free torsion
wave we have, ' taking the/limit X *  0 in (8*3.30) to (8*5.32), 
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Results (8.3.25}, and (8.3.33) to (8.3.35), are of 
similar form to the results obtained by Thomas [231.
We cannot use the method devised by Williams [381 to 
transform equation (7.1.11), to:a form -which is more amenable 
to solution. If this method is used for 4= 0, then it is seen 
from {7.1*28) that a null solution is obtained. Therefore.'an 
alternative approach will have to be adopted. In (6.4.43) we 
carry out the integration with respect to u to obtain
(8.4.1)
We now refer to equation (27) of <Tones [261 .. Obviously, if-
we set I- 1 in (8.4.1); then (v) is of similar form to the
t a ^
B (v) of [26]. Therefore (6.4.40) can be solved by using the 
method set-out in the pages immediately following equation (27) 
of [26] . However, it is desired to obtain an expression for the 
couple resisting the motion.of the disc which, besides being 
valid for €= 1, is also valid for, say l-k~3^2 ^  C 1.
First of all we consider that part of (8.4.1)-.which is
j
independent of t # i.e. we consider
L  A \  cU Ak.
JUj ( W W l F  i - ( e- x2tb 
1M0W
, '. a2-x5V' ¥
and therefore 
b
It| 7 M ' I >
We integrate (8.4.3) once, by parts to obtain 
v
M-t2y2
(8.4.8)
(8.4.3)
V
q. f 'j &( V2-(W2)| SaX -fet Akj 
Ak} J
*v
-+ -Rv i IqA  ~fe(v - ^ SxX <rU\
i  ( v i- \?y* (8.4.4)
In (8.4.4) we lot fc =z; then
\ wk-fej-cU: -  _|_ (cgi t^M -^zf2^ . S-wJs-fe-Z^  /) -7 (8 A 5)
I  (v2- l - ^  2Jo (v 'W  ZV* ■
I. 'X - ' X  X
Since sinh(k2W)/z^ can be regarded as sinjk(-z)
(A3) of [26] with x=vS, and t=0 shows that
V  V
X - Cct&v -t- •> -fey ( iw-feb db .
is J / 1 ) 5\V>  ^ j IAk) 0 (v1- tJ)V: 2  -sr t
— kr$ V 4*S V Si (8.4.6)
where
V
A
Akl
.w-fetxiAxtib.
0 (0.4.8)
where
F (vV- \ S -v If'fev ^ (-fevVl . 
.2 i V :  1
(8.4.9)
Also, we let
K(y)^ .Xi-feVfeC - lu0]f(vU SlLo UO.
LV
(8.4.10)
•feVi #
For the time being we assume that F^°)(v), defined by (8.4.B), 
is not identical to the F^) {v) defined by (8.1.11). Clearly, 
from (8.4.8), (8.4.10) and (7.1.11), F( v) satisfy© the integral
eonation
F(v')+ ± i ^ J 2 (i-bf
T: \ \ - w l  Jo \ b / (
e Aa = r (m ) , o i  \r4 \
(8.4.11)
Following Fones [B5] , wo let
F f v W  _L
'Ik -fe
3^ % ^ - f e v T e ^ (UvV l - v F (q-
—iv (F-w) J
then Fjl(v ) satisfy© the integral equation
Integral equation (8.4.12) is of the same form as (7.1.29) ♦
Also the first term on the right-hand side of (8.4.12) is, from 
(8*2.2), oqaal, to' v ^ H v j ' V  e^ lv)* From these observations 
we deduce that integral equation (8.4.12) has already been 
solved asymptotically for large k and that definition (8*4.9) 
is equivalent to definition (8.1.11)*
For the remaining double integral in (8.4.8) we use the 
relationship
« r -  l6.4.l3)
pV2- " »2
and we‘consider 
b
A U T A - f c ^ I 
“F v  Ati ( A w w
which, on letting x=tsinB is equal to
X 2^ 1. (-^ ctu^ e')! (-fet^e^e cjzeld
At J
This last integral is,a particular case of Sonine’s second 
finite integral. Hence from Aatson [2 73 9 it is equal to
A 2 ,i_ A iv.lv_ oAolt,
WWiyff1' Afc ,;i oi At
(8.4.14)
and (8.4.8) oah be written as.
K(0Cv^=2^^C -2uM-lt?MU8uo c\ A  kk
I w \  4 Y  Ao-l (v2- ^
■ ■' '(8.4.15)
It only remains to/evaluate the integral in (8.4.15). We
expand coshott in powers of oit. This step will produce a 
general term of.the form
J *  a  Td^'c ^ W - e V ' W  At, 
r ( w J X J  ( ^ v W 2
which, after expressing the trigonometric function as a Bessel
function is equal to
J* t r M lz a ■ (Vf* T . w / H W - e f  U b .
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We lot t=vcose , so that the general term in the series becomes
oh / * #  A  v2^ 3'2 f 1  „f-fevsw.e)Wv+lesW/2e Ae
P(i+2«)\ 2 / x  J; /2
which, from SonI.nets first integral is seen to be equal to
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Therefore the general term in the series has the fora
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and we write (8.4.15)"sc .
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so that /2k 4l/kT-’# Then the infinite series In (8.4.18) 
appears to behave like an asymptotic series.. V/o -.approximate 
k (o )(v) by taking F^)(v) and the first five terms of the 
infinite series to give
Kcv) 2u01F( v>^ H-8wor(>/2>f \ I //v \ SA^'fevr
1 * V l  4 V  mil) f f i i M U  i )
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since the'Bessel function of .order n+?r can be expressed ■ in
finite terms by algebraic, and trigonometric functions of
irgument kv.
U u 0 .r(Y a
This last line can be written as
r 5.(o)
I W  J
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and f(u>) is the solution of equation (8.1,9).
’■"n 1 M*i  (  O  J .  v  U
j 4 s\u) i A h : v)6L, = q I v) . (8.4.24)
(u) - y)
Since k t f. and are bounded at the origin we have
and the equation satisfied- by. (v) is
)s). , Shi,
Qb(v-W_l (_v _\¥i( (l-tf <f(0 V * lt+>A
Tr\|4y k ' (t -V v)
ouql. (8 .4 ,2 5 )
We note, that equations (8,4.23) to (8.4.26) are of similar
fora-to.equations (6,4.40), (7.1.1), (7.1.6) and (7.1.11),
.ve let
\ s / \'/a '^v \
^  (vj)= v e -v ( V—| & & c v),
\ \ - w l
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sow on - us ;uii
I S i S \$ S JL . r  I S-v v - \
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we have
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The first integral on the right-hand side of (8.4.30) has been
evaluated .in Appendix B of [25] f whereas the others give beta
functions. Hence 
i ,
J p t j p !  jU = . , ifvs j I _ j j i p  p j _  6 { i h , s-4. >/h
r=o (8*4.31)
and on using this result in (8*4*28) we obtain
g(s ( v1) .  ( - 1 ) V + 1  [ g  (- W v ‘ v e (i/2, s- '/2i -  j _ j  (iix, s+ i S
vro V
-  _L U\- tf  e 'U  GmfOAJt. 
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Equation (8*4*32) is analagous to equation (7.1,33)• Hence,
we form the iteration scheme
v 1 o ( W i
(8*4.33)
i ,s' \ r- l W /Y  m(V \ .
W (y) - e j g5L) ^  A <^ar> n5" >
A- J+x,
(8.4.34)
7/. a!2 I(5) / i \ -Fiftl: , ,
J* ~ firJ) (F) e dt , w ^  2 ,
I  V t (I + v)
and
a 's)(v)= ( W W + j P J  (.o v g(va,s- - x 6(3/»,sv4)
T  _V=0 V
(8.4.35)
(8.4.36)
where is given':by (7*2*18), Expressions (8.4.35) to
(8.4*36) are of analogous form to expressions (7*2,21) to 
(7.2*24).
To determine q^s!(v*j) v;e insert (8.4,27) into (8.4.25) to
obtain* on using (8,4.53)
/ /  \'A ^
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2 S - V - ’ A
V cVv
(8*4.39)
The first integral on the right-hand side of (8,4.39) is just
a> X (335) of [25], whereas the others give beta functions. Hence 
\ \V* £ , s „ . ■■:■., ,
(8.4.40)l-x>)Y*v rU *-r.J-±%(Zl1^ '/zUyJ-'
o\ V I ( V-cX U)
1 /  t 
Y- 0
The second quantity on the right-hand side of (8.4,37) has
been considered in..subsection 7.4* Therefore from (7.4.7)
and (6*4.40), we have
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It can. be shown-from'- [25] - and (8,4,41) 'that
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From (8.1.5) and (8.4.21) 
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To evaluate the constant C we assumeo
where
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(8.4.42)
(8.4.43)
(Q.4.44)
(8.4.45)
Is) t U  - \l0'lo Ii ^
V —I € -V A j S—Oj (8.4.46)
-  e (-tf T Y _ L X i (->Y fe(3/2) S-Y-v Vz^I^ Y ' S7/1.
i (r=i * k A
(8*4,47)
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(8*4.48)
H V ’T ’+ . L ^  (-lV 6(3/i ls-v-v,/a') tf1'1] S*l.
{8.4.49}
v=v
In order to satisfy the edge condition we must have
<2 n ^  ^ - <2mp"1 U4- iyti0 Vj'lz) y =0,
1 f e V r  w  r
and (8.4.43) becomes
»
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*felxl t> \')^ l i
where jx is given by (8.£.36).
i«e let
(s^ (o)
K  («) » s=°,
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where
iis)/ \ s k, (vl = V ,
(8.4.50)
(6.4.51)
(8.4.52)
(-0 kA(v) - v ( " ^  (^^ 2 '/2^ f vY , (8.4.55)
- -  T  ^
(8 . £Zi« d4 )
and
~ Z j * v\ 1 
v»-(
(8.4.55)
so that (8.4.48) and (8.4.49) can be written in the form
r  , <X>
* i tW t-o*
(
K  , s = °> y'^ '» (8.4.56)
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(8.4.57)
la order to evaluate we replace Efl, ea(l), e^(l), e Q 
and e (0) in ',(8.2.32) by L ^ ,  4 S>U), L^l and i^Ho)
(s)respectivelys where is given by
b>) v-.
A ~ dL 
h° -g
(S^
1 ( o) Jr \±jH o) - 1 o) ^ (6.4*58)
Hence with this in mind, and by using the above definitions, we
show that
^  --jft+Ti r.ft) 
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For ssO, we have from (8.4*54)
i l0) \ ,
Ip v f v) =■ \)
H
(8.4.59)
(8.4.00)
(8.4.61)
ind from {0 .4 .60 )
Co = ^ -j .
• « V 315'
f*r6m (8.4.55) and (8.4.59.) t we obtain
\«>) r,(o)
(0.4.6S)
. • .■■.(el ' , (°) . h  / , ‘ \
A ~ € . .. \ k, ( \) A-l*?. (0 ~ .,.) b 10 ( 1*4 .±.„.\
2 7 r$ i[ ^  s u p ' % V  a !
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TTTcTz z , Ux 14 - J J4 *)° s
« ^ ru(o'j. °i k ' ° w + r v 
5I£¥' + 0 f e } (8.4.03)
In (8.£.17) to (8.2.21) -we can replace en by I^3\ and
/ c \
tli or of or e by h** . Henee with this in mind it can be shown
that
i ° \ 0 = 0 - I + i f  \ +lt-rX -  - 3 _  ( I -  2/z\ +  0 / J _  
1 %& \ 3p6| 6 * 4 #  U 8 # 2  1 I #
4 + o f  i \
\ - r2 I
(D.4.64)
(8.4.65)
1 n
ana
(8.4.05)
(8 .4 .6 7 )
On substituting these last few results into (8.4«S3) we arrive
at
f l  e'U ^ U  3t 'i e \\s
-ife
.. e
1
1 4- 1
2r‘^ h 5Ufel. Trfe . S \i$fe
-V o t '
(8.4.68)
and hence from (8*4*45) and (8*4.68)
(o).......... , ......  .-4ife+si „ Y-.. .Y  = £. )»+■£____* -  -1 i - 6 ie  I --< e 1- l l l e _ l 4 - U / P
' * ( 2 - 2 ft*1 Sft f ^ 2! 3'2 U 8 ^  3^-ft1 . U 1
(3.4.69)
In a similar manner v;o have, for s=l
nr -ift
Y - —  a _ J_ X ,
2t 2
(8,4.70)
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(8.4.71)
and
(O „
U ' W  e * . + 0
1U FW 1 ft
(3.4.72)
so that
alenoe from (8.4.68), (8.4.70) and (8.4.73)
{,> -tfe r . , , ,-4 - ifc+ B  n . ,
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2x I Sft 2a-r'k \{il1 M % V  32-rfe2
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, ti)
l =. o, 
1,0
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I k + 0 feV'
r ! 4 - ( u i . U o m  
T F W \ . »tB W
(8.4.74)
Similarly for s=8, v?s obtain
(8.4.75)
(8.4.76)
and from (8.4.60), (8.4.73), (6.4.75) and (8.4.76) it is seen
that
(2) -ft- e U+Aii2-ift+B*t-
St I
. - 2i 
_ "Liie
32*
+ 0
c h
(0.4.77)
For ss'5, we have from' (8.4.47)
(s) P -t'fe '\{£) , /"ifcO . aM.. ~(o)
V - kJL - A --L  ^ -V A _ JL A > (8.4.78)
U~  ^ $ a
ana in a like manner to the above we deduce that 
.(SV ■. (3)
b, (») = !, lije=0,
1  -  g - %  b. j\) -4- O M  V
2 ^ #  V W
-1 fe+s n / i \ 
= e 2. -v X) U _ \
l ? f z I F )
ana
For s = 4fl we have
(i+V Of- ^ olO j j I -\0^ rAo)
Y - 3g  e  -v A 4 -J J l  _ i .  X -v-_LX - _ £ J l  ,
12Sv 2. £ U  U'S
(8.4.79)
(iV  - i f t f r -  O i i o 2^ 4 ?  n / 1  \ lY I - ,f" ,,./■■ ■+ ^ (-rTjA V■ (8.4.80)IfcT I i Yp W  \ n^nr
(8.4,81)
l(i>’ \ i ^
b, (\)-', b _ '
f . i * *  ,om
5 3 ^  \tl ' (S.4.K)
CO that from (8.4.6B), (8.4.73). (8.4.76), (S.4.79) and (8.4.8S-)
\ ~-±— \lS+i3$-L- 4 A V  (8.4.83)
1 12S-. ( l ¥ n
Finally, for s= 5 vre have froa (8.4.47)
(8.4.
e substitute (8.4.09), (8.4.74), (8.4.77), (3.4.SO),
(5") , — ft rN / v
V = &3 e +  o  I I A
\ W
(8.4.83) and (8.4.84) into (8.4.45), to obtain
fl + t - ii- J s s ^ ^ $ z{\-t2)
7a
i1)2 -V —4
2;^b
9 iL  *
TvT
+.22\ e ,U$
'TL Z
V<f -  -A. . \± -V 3 _ e  z - l e
/ if t U 2
(\-tl)
4 ALl43(I-f2f + 23- j2' ^ t f ,2( \ - A _ ± J k % - e n _ _j___ \ U 3 ^ fe+?
2 1 ? ^  \2 1
j\i o-itift+S o?/i- b i l l  ¥  ( ( - t2) e2'
4 u 5 ^  1 t
0-r*>
-'-JJlA-rf- JTl.e2,*+^ o/n]
3 to  J tW /j1+20
(8.4.85)
V.'b nert consider the asymptotic evaluation of Jio<v\w)Aw.
By using (8.4.41) we write
(s) \ . ( f i \l1 -ife'0 * Co^cy  [ uj ) A u) | 1 I to Y o a- A
V,*e let
-j ( * i
Q, 4* <!b  ^ S — O |
I
3 -
v-i
(8 .4 .8 6 )
S »(£)
u> ^ ( ^ 2 . W w 4-(-0 A
"f -1
+  i _ t  ( -« v S (i /2 tS -v + '/aA4f l ' ' \  s >  \
£-*
* 1=1
<*s’ = 2  ■,
(8.4.87)
(8,4.88)
r\=l
then, by using reasoning similar to that employed in
obtaining (8.8.151), v;e show that
t  = _ _ d L C (o) - ill\ 0  H '/4 A .  £]o)
r T \  f ’.ouofi!:1-
\%Vs (8.4.89)
It is convenient to consider the asymptotic evaluation of
u^) $4-'/s.
j
l^ W -^V 2 I 
e to Ava).
. 7 T 5 F
On deforming the path of integration in the, by now, familiar
way we have
$v*3 S+'lzJ "I \* w JTfi I€ to (UoV/2 'it-B afc -^Wi, O+WeJ f- -  e * e (u h o V z jj ~Vz -Q Vo ©_(Xo S4-'/2 i 6 to AtOt ; “Tv7! *
/v / C
, OO
p f -'K'vO r . T i r.^w 5+‘h fe  ^ S U  (s-v>/.)^u)^ivo-V’€ z ]e u> Au>,
= t*  <, i, jsisl I + riSiWi!*’1*'«'.
^75: j . ■. 2 fe I 4 s+i'2
For s= 0, we have from (8.4,88) ana (8,4.89)
(8.4.90)
ifo) p4. a(°V\ _. io) ,-•/<«> , ..to) . ,(olA = —£___b (o) — b, (W-_Li_k . ( 0-_S4.il, (i)-t-iLl-k (o) + l>0)
2 ^ 1  . Itfe-V V h  8-fe
- 4 + b  , tol „  , ,
e ^ k (oX + O  j _ \ ,
(8.4.91)
and therefore•from (0.4.91) and previous results we obtain
i*. i* .?* Si.«(.***<! ? #  1 X 1  t * l  ^F¥‘
(8.4.90) gives
(8.4.92)
I .
Avo - e^fl-v A \ - V + 0 . . . ,
( 4 ^  . . I F  \ t l )  i P  I W
(8.4.93)
and hence from (8.4.06), (8.4.92) and (8.4.95) it is seen that
r (0) . Jft'g /■ -2-ift+B . .p,,lN-v
wo. fi>i) Aw — e, 4 \\_ £___ “ 4- - -*-5-ie ^ -vO /1 V,
4 k M F l  2 *k $ k sfe 32*/2F 2
For s-1, (8.4.87.} gives
(«F, vo)Aw= I je feF ; A w  . j _  a(0. i  F \
Jc K * JJ T F /2 i J j F F 71
and xrO:u emu. (6e *ie69 ) v»0 ob i&xrx
(e ^ u f - A w  -  r'h € k ' ®  /u i i _ U 0 0 _ \ ,
J T ¥  VpEo ()- voY
(8.4.94)
(8*4.95)
(8,4.90)
• (I) --ift s~\ / | \A = e ■ -t- U [JLV
2 * £  U t
(e.4,.97)
so that by asins the above results with (8.4,95) and (8.4.9R) we
arrive at
i
 £
5 5 ^ 1  2^fe'fc sfe
In a sirailar manner we obtains Tor s
> -a „ » -ft,
f '*1 \» i r-<^ w 5/21 i f j/m jU)^  (^ 1 Awe: 1 \£ u5 — I I €. vo e
o ^  o (\- u>V 2t:. o(\- vo)
VO
,(2) . .(0 , .i(oV
"V A -v A- — -L A ,
2 S
j
I .
+ 0 U
r ^ ? ‘ T V/2.
i2,=
ana
_ _ £   +0
V #
/ (i1 \ I a  ,, - 2 ^ + fU)CL (vJ^ Uor  ^  \  1> — -\Lf?.  Q
J0 ^  i ? ? 1 !  3 ? ? !
Finally, .we'have £or s-3
Je further approximate (8*4*28) to
P C / l W M  ^  cy1^ -  J$^(\-tl)ey\iS\ - t!) cy )( w)
'•fe ■ 3-fe
-4-.J O't^ <1 (ao),
(8*4*106)
Ife substitute (8.4*94), (8*4*98), (8*4*102) and (8*4*105) in
(0*4*106) to give
i
j
vO
-i S 
u3- e *
f _2Afe+S . Dl/a, ,,-N
■L_ \e . . .T... (i-c H
2 % ^  I T- J
S«1 V *
-I1?
Tr’/i
/ a .
W/J (8.4.107)
It is seen from (8.4.51), (8.S.155), (8.4.65) ana (8.4.107)
v/e oan nov; write down K, However* once ana in there Is
some lengthy algebra involved and only the final result will
•4 CU  i l l  ^  W e
Z K  V . « u W t *
4 U-i $ % - t zV  12ji e2lR+^#(i'£zt'_ 2$ k{\-i'L f{- — L__A57 
'^/i ) \2S$ <
j *  £ ^ §  . 218 ^
*~ •/? t e~ »/?15’k^
3 \ 1% ijP1 I W Z 2 *
10
■fe3,
From (8.1.52) and (8.4.106) it is easily shown that.
t.- - k' ^ [ ^  L _ _ < j 4-%in (\-11) Cr*(-lk-~ill)W 2,. .»■
W  i '
_ I Sill 22 | 3(t-rfsWJ?
^ 1 7 * '  ^
-  2 $ 2( l-c‘) cffi(-fe-f://t')"l_ _ i _ ^ 5 ‘7svn.(-fe-«/lt) _ jLt_ c<r*f -X.-fe-
1 \2?&Z I -
•+ 218 <12 (I-
X^x \5’t^2
-.A.'fe 1  „ Sw %  -V ^  I LlLorS f -fe-r/4)
3 i I'Zk^ U^'k \ 2
\
+JL Sux(3%-^|i^V^f l- iJ'l-~?3S |Yo-121 s-Wx%-3c\^ 2(|-j1'lVu(-6-'R/4V 
-K I 2
_ m  -feV i- tz f w,-*. •% /2 04(4- 0 (i \1,
7o (o ) V^l]j
(8.4.109)
filld
- — 1— j, \iil S-U\ %• ~ hi, %! [\- i1')cci('fe-T/L')4- 2 2 _ ^  -fe
U W h ' h  rV>
4'2'fe (i-i1) H^-Vl - -~L_\ 51 ^ (2-fe-v//^
J \ 1S •& ( k
249
_ 222 - *f*-k3(i-
r-'lz
Y iwx ( <k - f lu) 4 3U ^  (W jV i fe
tSV1
+ J_6c4 ( 34- ■p/it)) ^ 2(l-£2) - lii'fY(l-£ZYC^ jfe-V Scl YV2(\- cY M{-ft- *M)
■* I 2
t.4. Y 2,. .n3
•4/2
_ j_ifi -^ £(|-{J) _ _!_-& (i-t1) rtvx(-ft-^ /nl+0/j_
7 0  lo ' 'i.'
(S.4,110)
'h?om -the..last two egressions wo can calculate. g., g0 and A.
Tiie variation-; of siak and' cos& , for t- 0* 0(0* 1)1* 0 :
andX=-0* 98, and for Z 10 is shov?n in.figures 32 to 55*
It v;as decided not to consider tan A 9 unlike - Thomas [23], .
since for even fairly sraall values, of k, A. can be an odd
multiple' of *</£• For all- the values of .X and h considered, it
appears that the relevant cases give numerical values "for sin &
" 2  ?and cos A v;hich satisfy sin cos wh = 1, to hvithin l£*
The ouanti ties • sin i ■ and cost were calculated numeric all
by, first of all obtaining numerical values, for h^  and hgf. and.
then inserting these numerical values' in'- - - 
s.Cv^ k - ~ _lu t
/led?;t ’z
anu
Ccri>k~
Analytic expressions were not obtained for sin A, and cost 
.because of the laborious nature of the algebra • 
g= 0'0 snd £=00.,. figures. r3£» 55,, 54 and 55
These are all examples of Case II
Case II should give accurate results' for 2 4 1:^. 10«
£=• 0* 4, figures 40 ana .41
For '2 £ 9-5 vm consider Case II and for k>9*5 vie consider.
Case I. .
g=Qv5, figures 42 end 43
For 2 ^  k ^ 7 v.g consider Case XI and for k > 7 we consider. Case
£- 0•5, figures 44 and 45
For 2 £ k 4 6 • 5 we consider Case II and for k > 6•5 we consider 
Case-I*
£ = Q ♦ 7, figures 46 and 47
For 8^ 5* 3 we consider Case II and for k>5.*3 we consider
Case I«
€-0*8, figures 48 and 49 .■  t9 y  ■!»'«» ii iw i m  <wnrwr»ar9 *■<&
Vlien wo considered the dynamic stress«intensity factor, for 
£=0*8, there appeared to bo. significant tfgapsM between the 
ranges of validity of the different cases and, we see that a
similar situation arises here* However, this time it seems that 
since we have considered more terms when evaluating Cose XI. 
(c*f • C8*3*S6), (8*3.27) and (3*2*30)), ive can use this Casa 
for certain lc* For k> 8, the coloured curves should give reason 
ably accurate results, but for 4^ k4 8, there is a certain 
amount of doubt*
5=0*9; figures 50 and 51 .
BOW W gBHWrgttiJWi PT»  *SMMS3g3
Case III should give accurate results for 10*
€« 0* 98 and £=1’0« figures 52* 55*. 54 end 55
. —     “ — *wnffai rjgiK»}WBww8^ n « ww^>aLf anB^Bit ! i a^g^w* ^ wuB*B:aii      - -
These arc examples of Case III*
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Section 9
Scattering coefficient
9«1 Introduction
The definition of the scattering coefficient C> and tiie 
spherical polar coordinate system adopted in subsection 5*1, 
are used here* Since the incident field used in Section 5 is 
the incident field used here, we can use expressions (5.1*2), 
{5.1*3) and (5*1.16) for u ^  (K,$), and respectively*
However, we must derive different egressions for u^f ^ {K, $) f
w
(s\ ,
(R,0) and Bs.
From (6.3.2) and (6.3.6) v;e have
(S)
t
(9.1*1)
where
2*
jt)-= Rb Sva jcg^ e' t  \ tri6 dg
' i ((?J+r-act£U^ W f 1
(9.1.2)
For large R we write (9.1.2) as
(9.1.3)
and on using (8.2.88) this becomes
(9.1.4)
V/e let
i
tf*1) — (b 0-( "J, {-fe t •, (9.3..5J
O
then {9*1*4) can be written in the form
.A
^  ( M Y * —  3*-'--—  , IS R-^^o. (9*1*6)
2. R
We can show, from (9*1*6)s that
• |L_ (9.1.7).
We obtain a different formula for Y (sin^ ) by integrating 
(9*1*5) once, by parts, and then using (6*4*9) to give
1 ( S ^ U  ( j U l j U s ^ ) U ( t U t .  (9.1.8)
o At I )
However,
t  jY_ "«Y ( t luv <f>\ ■=: tk/A (j> A... S-Wk. (9*1*9)
At d<f>
and therefore we. have'
I
I|-v A | TFv('fct At. (9*1*10)
\ H0
It is possible to use (5.1*20) to evaluate I^ f and d2 
being given by (5*1.21) and (5*1.22) respectively* After
substituting from (9.1.7) and (5.1.2) we have, for (5.1*21)
J*) y -  'X* * X' /?
-»A)e Ae,~  viuw
fv^O©-b  0  2 i  f t  \
(9.1.11)
which, on replacing the Bessel function by the first ter® 
in its asymptotic ezpansion, and on carrying out the
Integration with respect to G , can be written as
-r oXlz '/i M, /' . £>ii -i ^ ni . . .. . \L , •< ^ “i  ^< .o — 2 yU.c VA0 K k ftvvv R ^ I
3^/a ft-syoo  ^ O
% ^
• J-g fu) ' »\ • ‘/2J - * \-V- X(^uv(f>)W2</> e r <M (9.1.12)
0 I
Hence, as in subsection 5.1, from the principle of stationary
phase we obtain .
3 HCU„T j U l   ^^  lit-). (9.1.13)
\
Likewise, we substitute from (5.1.4) and (9.1.6), into 
(5.1.22), to give
■ 2-»f * . £
7.,= llvY\ ( j [ - i  d -1
&*?«> O 0 1 I ) V
•fef?
x L- !£(swf>Y(\ Ae, ■ ,
t a e 1 • 1
whence, 011 once again replacing the Bessel functions by the 
first terms in their respective asymptotic expansions, and 
then carrying out the integration with respect to 0 , we obtain
•A—  <vij. vA, ^ 'h + b d f i ,  , - l p  , - , - PJ g ,2 Mi^a^ £«a Re j =^<uii/>£- -t-tle s-w^ e.
- fll &*«> |J0
-+ hc^coi^e^+ nle^Su^ ^ (s^sJ^^e (?5>S'"0^ L‘
©
(9 ,1 ,1 5 )
An application of the principle of stationary phase gives
2^6
r
Hanoe from (5.1.20), (9.1.13) and (9.1.1G) we have
-JV-fcR
(9.1.16)
Es=-^iii^to(t)-4i(t}de 2^ ^ a )  + l,kKi(f)l,
A
(9.1.17)
ana since the last two terms in the square brackets combine 
to give a quantity which is wholly real we write
E^ - 2t to a W0  ^^ .(tl
’Therefore, from (9.1.10)
(9.1.18)
S
IJ
06
(9.1.19)
(j>^- IUa (t). (9.1.20)
On using (1.3.11), (8.1.8), (8.1.28) and (8.1.29), in (9.1.19),
it is seen that
.........................  ~  -I(^)
3
B r z _  S tt u ) a
s — all.K t
i 1(q. fcw.(|>
I <tyl£ (9 .1 .3 1 )
A 1/ 06
I n  th is  subsection  we d e r iv e  an asym ptotic  fo rm u la  f o r
(9.1.21). From (8.2*66) we have, on replacing I0(ksin^ ) by the
first few terms in its asymototie.exoansion
vQt {p\ — I.— . — — .— .t2.— —
. OO
+ ' (e \l_a + J£_la (e*** •M’fecoii.miu).
3 - ^ 4  4t 3.2 A  Jo A 2(\-^ V/2-
(9.2.1)
Acr deform the path of integration of the inner integral, in the 
usual way, so that on replacing the Bessel function ,T^k(l+iw)sUv^
by its asymptotic series, and expanding the resulting integrand,
v/e nave 
\
6 3. j>)<^
,  C O
O LoP F r ^ 5
U>
i  J 1 ( l
CO
-<b-v3n 
_ e %
J/z ( H  -t oV
V°°
<v 8*
0 oO
VA)V/Z (F^IU^f2
f'w(r
dW
l"\ vo-tovi)S\Af - U j
oo
glto-V- I 5* - ^T^ Aaajv-s n ?
\ 2i-fe\u2'^01^
(9 .2 .2 )
.'e next express the'-trigonometric functions in terms of
exponential fanetionsso that
i
o A 2 (\ - lO^ 1 i J l( I - -i oY 13-r(a '/l
oo CO
o ee>
. 2s, a- Mt+fe.
(I -1 Vi - 10 M w  4- on € (I - 2 -i U) y  tv)
QO
4 K
7z
to
Oyi
(l- t to-tb2) ^ to
OO
- (k to
7T~
oc
2 - (->v- \S tc(l' to
to' to^2
to’
{ A 2(>- -^42 ( 2 ^ * 4  U u % a . / > y y  4 u
 ^____ ^ 4 . . / | — 4 \
4 (t 4'feLtw(|>,f (l-v%A (^j))l
_ -< ^?S t.\ ^>4 -r-
4- e _  _JL ) I
(( - -fes-w^f2 I
3
4 I?
12$-£ S-w2(/>
(9.2.3)
Je substitute (9.2.3) into the repeated integral in (9.2.1)
which* after interchanging the order of integration and on
retaining only the dominant terms, is asymptotic to
* 00 ,, » 
e!k-(l.l-fewswj,Uw e 
l%lz iJM'-iur V  t!
I- _Ii| dt 
A M
£ 3f
oO
14 -23__  4- \5
\2S%swz4
A L
-t- Vi
00
d ~ l  l-ir- -2l----- \
2 V
cU: - IiH4 3i A f ■ ^ _____
t~^( (;+-$ u^ ff)^2 h \ I t Wa.^ 2
qO
+ I? -sAt . 2
00
2t 2.
1 12
rU: I
oo
U l i —  -t — !.,£,,. ,- 
Sftsw^  US'ft SUv2 /^-
oO <20
_i-/l--3i i f ,. it 3, /I. 3i \ \  21 ■ ■
2 I 4%.v^/| l,2(l--fet^h/2 4. 1 ^tb/z( -Mw.</A
*
00 OO
4 !£. | - . 2fc l/_ 2 L _ __21- _ _ 3 ( 2
2 2 2 A ( l - 4 i w ^  A S I
(9.2.4)
e deform the path of integration into the straight line
joining k to k-iko^for the first of the integrals in (9.2.4)
s ince  > 0 *  In  o rd e r bo eva lua te  the in te g r a l  (9*2*5)
for larke 'k, we consider'fcj-
el8t
£__   cVC
oc
J
o (\ ibV^1
where n = 3,5
*5
and 9=-ban~~to * ,2Loo* let us consider
e e AU e  e Jl^
vJ ( d ^ I f 2 in-te'dY''1
’ I
where B, is shown in figure .50.
■(9.2.6)
For 0 ^  1
/ ^i\^2 , ‘ 0^,(1- i € c) -r 14 n-i € c 4...
and hence
CO
i -ie.IV
i (I-it)
However
. d9
d u W )  2^11+iJ1)
(9.2.7)
_1©
_ J  , r  _ £ - - -  ,
( u wT
so from (S•2.7)" we have
° r ~ $ ( j» ,
J £______ <W' ^    L
(l--t t)^2 (^Y-nt-oV o)1
By using this last result it can be shown that
(9*2*8)
J
-ft
-■iKt-iuY, .  ,  .
£ M- li lit \-ie
n  j t i -1 to
u n i± (9.2.9)
Therefore the double integral in (9.2.4), is as yap to tic to
— s i - n  i + l
H W h  4ft J I i
oo a oo /
14*2± I le Aio -vjn
oO
kfe i f e
Prom 4.16.8 ;of [13] , we have 
H- •• -  - -v>
Mu,
fe kM ~L (*k) Akx F( m^p-h) P»...(j^  
J K ju^  ' \ $
.(9*2*10)
(9*3.11}
so that \vith "P= 15 .'n= k, a= ksin^ and s= kcos^ we obtain 
I 6- lO du> - r (v^-V2^ (StC^ y /g 0*1P)
Jo
also, from section 3.3*1 of [36] , it is seen that
cP fifcC^ r ?/,>;) h  (&■.$'),
V ( ^ 2)
(9.2.13)
and hence we write (9*2.12) as
U  V T  (4K.s'/..rfAA..' Tie P/scy<a (9.2.14)
Result (9.2.14) enables as to evaluate (9.2*10) and the rest
of the integrals in (9*2,4) are of similar foi'm to integrals
in (8,2*71)» Hence for (9,2*1) we obtaij
vQ a) =   , , —  -  ^i • P (Sqc
Jk2c<A^ j> Li 4--&! i+fyuAjj *
/• |/ 3/ j/
Zf V(\-v.Swij)')i |2(|-viwfA - Sfl+Sw^A2
S-felUv^  \
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We consider next the asymptotic .evaluation for
■n>l* We have, from (8*2.97), and on deforming the path of
integration of the first integral on the right-hanu .side
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i . e .  a f t e r  us ing  (9 .2*14)
we re p la c e 'th e  Bessel fu n c t io n  b y  the f i r s t -  term, i n  .. i ts
asymptotic- expansion, so that after further aDD.roximation
we write
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’inally, for the last integral on the right-hand side
of (9.2*16) wo replace by ien(0)/89 . so that after
suitable deformations of the paths of integration,we obtain
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In order to.evaluate tho remaining oaanbifcy on the right-
liana sra {<S«f 0d  j f we U.GS • s<<3 aexoi?ni ane uiOii
of integration in the usual way and then use (6.3*64) to obtain
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Hote that sorae of the terms in (8«£, 103) have been discarded
he deform trio oath of. integration of the inner integrals
into tho straight line joining 1 to 3.-loo 9 so that the last
line is e mial to
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file first integral, in the 3.ast line can be evaluated by using 
(9*2.14}, whereas.the other two integrals are of similar form
to (8.£.110). Hence', the last line in equal to
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which, on deforming the paths of integration are seen to be
equal to
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• Sboi-f.foro, by acin^ (0.2.£2) ,  (2. S .£4) and (9.2.25) .  v;s 
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On combining {9.2,15} .with (9.2.26},we obtain air asymptotic 
expansion for ^ l(^) correct to order c„/k2. First of oil.'letii *
us consider the coefficient of ?*V(see^),- which is equal to. 
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ow ex{0) and e. (1) arc givon by {8.2.7} and ,(8.2.5) respectively.
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ana fron this it is deduced that the coefficient■of (ssco)**»:/* * :
is of order l/!c~• similarly, it can be -shovm .that the
coefficient of pt(sec^) is of order 1/lc^ . Therefore 'from
( Q«©3.5j miQ, (9«£< .20) wc have
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V ^4- v*» w OSxtQ, (*!}li a ■terns.'containing 'associated Leyencir
functions. Hence:..from‘:Sabseetioxx 8.2 and the above, wo have
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From (9 .2 .3 0 ) i t  can be shown th a t
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We use result (8.2.134) in (8.3.14) so that.on interchanging
the order of integration, we have
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The inner integrals in (9.2.32) are of similar form to the
inner integral in (9.2.1), and, as for (9.2.3) we can show that
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(9.2.33) is still valid if we change £ to - £ , and take
t*k(l+£). Hence,with the aid of (9*2,33), (9*2*32) becomes
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after discarding surplus terns.
We deform the path of integration of the inner integral of 
the first double integral in (9*2*34) into the straight line
joining k(l-£ ) to k.(l- 1 ) (l-ico), to give
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i.e. after using (9.2.8). This last result still holds if we
replace £ by - C , Therefore, the first double integral in
(9*2*34) i s  asym ptotic  to
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and similarly for the rest of the integrals In (9.2.34)
(9.2.3S)
By using the. last few results we write down i W),l.e.
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In order to evaluate ?(^) it only remains to obtain an
expression for 3>nW), valid for n>l. However, in (9.S.26)
we can replace. XI and e by 1 and s resoectively. Sincen ii n n
we can show that the coefficients‘of the associated Legendre 
functions are of order . Therefore from (9.2.26) and
(9#2*40) v;e 'write'';
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ahere (^>^ 1 is defined in a .sixn n manner to U)n($)
From {9.2.42), (8.2.47) and (8.2.49). we have
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Before wo can evaluate we must consider (8.3.15)• Now
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from an .examination of.. .{9•£■•40} it is 'seen that v/e nov*
only have to consider
Thera are two different types of term to’ consider* The terms 
which contain ( £+ sinfO in the denominator are easily dealt 
with; however for the terms which contain { t slntf) In the
denominator, we have to take the limit, as $ * We use' the
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Similar results are obtained if the signs of”#-and t are
reversed• Hence after some lengthy algebra* r m  obtain
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I<’rom (3.1.16)' it -can be shovm that
r: It. - Ltjg. U J C
' l  W
U J   ^i-u  3fet .i _  4 _[£_ +0(i)
1th 3aftV WO h Ith
(9.a.48)
so that from (5.1*1) and (9*0*47), the scattering coefficient
JL zz* h .X,\ foii 0 V
Q =2 \-l\-- L ^ W -klk -v _ L_S ||- _l_a(2M 2«t+ 3suaMl. I (T7n 2*t- l (i-TR i
-  l'z£tr.s-wphw)-yit\ 4 
u-O) ohlr2 <htf/2
CelDll. V "1 + ^  0 ---)_0((h?3ftt43s^2^;V+ 32 ZS
a w l  \ h T F )  > a *  (i-i’f
2 V/l'- Mi-O) + O Q
sgh
( a  o  /io\\  v o a i ' i t / /
vl \JU
In this .subsection we consider the asymptotic. evaluation 
oj? the scattering coefficient, subject to the conditions of 
Case II# fills . evaluation is almost trivial since, after so me
modification/v/e can use {S*5*2£) • From (8e3*2.2) and !9«1*£I)
we have, for the energy'-scattered by the X'igid disc
i t f>l
_ ^ 1 ^ 0 )  - -L_ V u x a u >-70(4k^)l
2-fe "WIu^ lift
 ^ 2 ^  *ri ,
2 X7())7(-fcu~M ^ £ _ _ L ) 7 M(-TJ-W\ __i_\7(«s,4Mia7f^
J U8%JI \
• "ft rC%v cj
(9.3.1)
iiov;
/l+ bux<f ^
-V Af'J
\V'‘ '> ( 2 . 3 .2 )
(9.3.3)| n e .,.id Yrj%iw,<k) = I K x V
and f Ip) has been considered in (9#8.45), so (9.3.1)' becomes
e - ^  i hv- u 0(>nt(xU _L_Uila^
s Mf.Z  ^ <?ft2 IX
+ n , o t 7 j ) V m :
_2i
J j i w  O h
(9.3.4)
lienee from the last line, definition (5.1*1) and (5.1.16)
we nave
Q =2 U
w ] t^ H X W x) ^ , 2(^  i
k 7 l0H)'l7(^nT2(X),i
(9.3*5)
and for the case of the incident free torsion wave we have,
on taking .the limit aa 0
^  ~ 2[u  W ~  2 & W 2 ^7/i]J (9.3.5)
t is, perhaps, interesting to note that on expanding the
Bessel function in (9.1.20) in, powers of ■ sin^  and then taking
the limit as 1*^ 0 v;o have, from (8.1*5)
E  -  -  to  a3 U h ^  M  
5 2
( 9 . 5 .7 )
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ana nance
(\)- 2 , when 1=0, (9*3*8}
'{8*5*25} and {9*3*6} satisfy relationship (9*3*8) which, is 
is to be expected*
It is surprising how the tcurvos,. corresponding' to Gases I and 
II, match-up. Cuito often it is irrelevant which curve we 
consider,
£= 0- 7, fimire 64
For Ic4 5 we consider Case IX and for k^5 we consider Case I. 
Thera is a certain amount of doubt In whethejf we should, change 
over '-from Case II to Case I at k~5, or at k^ 7-6. However, 
for 5’0 4k4 7-6, the two curves .give, numerical values --for the 
scattering "coefficient which are within of each other..
gsQ'8/ figure 65amhpii— mii»  uuwi» '
For k<7.- 3 we consider Case ix and for k>7* 3 we consider Case I. 
£= 0»Q. figure 66
For the larger values of k,•Case.1 should•give reasonably 
accurate results*
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